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ϕ(x) = F (x)−

∫

Ω
ϕ(f(x, ω))P (dω),
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▲❡' K ❞❡♥♦'❡ ❛ &✉❜✜❡❧❞ ♦❢ R✱ X ❜❡ ❛ ♥♦♥✲'%✐✈✐❛❧ ❧✐♥❡❛% &♣❛❝❡ ♦✈❡% K✱ ❛♥❞ D ❜❡ ❛ ♥♦♥✲❡♠♣'②✱

K✲❝♦♥✈❡① ❛♥❞K✲❛❧❣❡❜%❛✐❝❛❧❧② ♦♣❡♥ &✉❜&❡' ♦❢X✳ ❲❡ ❝❛❧❧ f : D → RK✲❝♦♥✈❡①✱K✲❲%✐❣❤'✲❝♦♥✈❡①✱
%❡&♣❡❝'✐✈❡❧②✱ ✐❢✱ ❢♦% ❡✈❡%② x, y ∈ D ❛♥❞ λ ∈ [0, 1] ∩K✱ f &❛'✐&✜❡& '❤❡ ✐♥❡A✉❛❧✐'②

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y),

f(λx+ (1− λ)y) + f((1− λ)x+ λy) ≤ f(x) + f(y),

%❡&♣❡❝'✐✈❡❧②✳ ❚❤❡ %❛❞✐❛❧ Q✲❞❡%✐✈❛'✐✈❡

dQf(x, u) = lim
Q+∋r→0

f(x+ ru)− f(x)

r
∈ R

♦❢ ❛ ❏❡♥&❡♥✲❝♦♥✈❡① ❢✉♥❝'✐♦♥ f : D → R ❡①✐&'& ❢♦% ❡✈❡%② u ∈ X ❛♥❞ x ∈ D✳ ❲❡ ♣%♦✈❡ '❤❛' '❤❡
❢♦❧❧♦✇✐♥❣ ❛&&❡%'✐♦♥& ❛%❡ ❡A✉✐✈❛❧❡♥' ❢♦% f : D → R✳

✭✐✮ f ✐& K✲❲%✐❣❤'✲❝♦♥✈❡①✳

✭✐✐✮ ❚❤❡%❡ ❡①✐&'& ❛ K✲❝♦♥✈❡① ❢✉♥❝'✐♦♥ g : D → R ❛♥❞ ❛♥ ❛❞❞✐'✐✈❡ ♠❛♣♣✐♥❣ A : X → R &✉❝❤

'❤❛' f(x) = g(x) +A(x) ❢♦% ❛❧❧ x ∈ D✳

✭✐✐✐✮ f ✐& ❏❡♥&❡♥✲❝♦♥✈❡① ❛♥❞ '❤❡ ♠❛♣♣✐♥❣ r 7→ dQf(x+ ru, u) ✭r ∈ K &✉❝❤ '❤❛' x+ ru ∈ D✮ ✐&
✐♥❝%❡❛&✐♥❣ ❢♦% ❛❧❧ x ∈ D ❛♥❞ u ∈ X✳
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C1(x, y)P (x, y) = C2(x, y)P (x, 0) + C3(x, y)P (0, y) + C4(x, y)P (0, 0) + C5(x, y),

✇❤❡,❡ Ci✱ i = 1, . . . , 5✱ ❛,❡ ❣✐✈❡♥ ❢✉♥❝.✐♦♥- ✐♥ .✇♦ ❝♦♠♣❧❡① ✈❛,✐❛❜❧❡- x, y ❛♥❞ .❤❡ ✉♥❦♥♦✇♥

❢✉♥❝.✐♦♥ P ✐- ❛ ♣,♦❜❛❜✐❧✐.② ❣❡♥❡,❛.✐♥❣ ❢✉♥❝.✐♦♥ ❞❡✜♥❡❞ ❢♦, ❡✈❡,② x, y ❜❡❧♦♥❣✐♥❣ .♦ .❤❡ ❝❧♦-❡❞ ✉♥✐.
❞✐-❝✳ ❙✉❝❤ ❢✉♥❝.✐♦♥❛❧ ❡@✉❛.✐♦♥- ❛,✐-❡ ✐♥ ♣❛,.✐❝✉❧❛, ✐♥ .❤❡ @✉❡✉✐♥❣ .❤❡♦,②✳
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f(x+ 2f(y)) = f(x) + y + f(y),

✇❤❡,❡ f : G→ G ❛♥❞ G ✐- ❛♥ ❆❜❡❧✐❛♥ ❣,♦✉♣✳

❏❛❝❡❦ ❈❤♠✐❡❧✐➠$❦✐

 ❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡,-✐.②✱ ❑,❛❦3✇✱  ♦❧❛♥❞

✭❥♦✐♥. ✇♦,❦ ✇✐.❤ 6❛✇❡➟ ❲:❥❝✐❦✮

❆♣♣0♦①✐♠❛)❡ ♣0❡"❡0✈❛)✐♦♥ ♦❢ ♦0)❤♦❣♦♥❛❧✐)② ❜② )✇♦ ♠❛♣♣✐♥❣"

▲❡. f ❛♥❞ g ❜❡ ✉♥❦♥♦✇♥ ❢✉♥❝.✐♦♥- ❜❡.✇❡❡♥ .✇♦ ✐♥♥❡, ♣,♦❞✉❝. -♣❛❝❡-✳ ❚❤❡ -.❛❜✐❧✐.② ♦❢ .❤❡
♦,.❤♦❣♦♥❛❧✐.② ❡@✉❛.✐♦♥

〈f(x)|g(y)〉 = 〈x|y〉

❛- ✇❡❧❧ ❛- .❤❡ ❛♣♣,♦①✐♠❛.❡ ♦,.❤♦❣♦♥❛❧✐.② ♣,❡-❡,✈✐♥❣ ♣,♦♣❡,.②

x⊥y =⇒ fx⊥εgy

✇✐❧❧ ❜❡ ❝♦♥-✐❞❡,❡❞✳

❏❛❝❡❦ ❈❤✉❞③✐❛❦

❯♥✐✈❡,-✐.② ♦❢ ❘③❡-③3✇✱ ❘③❡-③3✇✱  ♦❧❛♥❞

❖♥ ❝♦♠♣♦"✐)❡ ❡-✉❛)✐♦♥" 0❡❧❛)❡❞ )♦ ❝♦♥❥✉❣❛)✐♦♥ ♦❢ "♦♠❡ ❢❛♠✐❧✐❡" ♦❢

)0❛♥"❢♦0♠❛)✐♦♥"

❲❡ ❝♦♥-✐❞❡, .❤❡ -♦❧✉.✐♦♥- ♦❢ .❤❡ ❢✉♥❝.✐♦♥❛❧ ❡@✉❛.✐♦♥

f(g(x)y + h(x)) = G(x)f(y) +H(x). ✭✶✮

❊@✉❛.✐♦♥ ✭✶✮✱ ❛,✐-✐♥❣ ♥❛.✉,❛❧❧② ✐♥ .❤❡ -.✉❞✐❡- ♦♥ ✐♥✈❛,✐❛♥. ✉.✐❧✐.② ❢✉♥❝.✐♦♥-✱ ✐- ,❡❧❛.❡❞ .♦ ❝♦♥❥✉✲

✸



❣❛"✐♦♥ ♦❢ '♦♠❡ ❢❛♠✐❧✐❡' ♦❢ "+❛♥'❢♦+♠❛"✐♦♥'✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡+❛❧✐③❛"✐♦♥ ♦❢ ✭✶✮

f(φ1(x)φ2(y) + φ3(x)) = Ψ1(x)Ψ2(y) + Ψ3(x),

✇✐❧❧ ❜❡ ❝♦♥'✐❞❡+❡❞ ❛' ✇❡❧❧✳

❩♦❧#$♥ ❉❛()❝③②

❯♥✐✈❡+'✐"② ♦❢ ❉❡❜+❡❝❡♥✱ ❉❡❜+❡❛❝❡♥✱ ❍✉♥❣❛+②

❖♥ ❛ ♣$♦❜❧❡♠ $❡❧❛*❡❞ *♦ ❛ ❣❡♥❡$❛❧ ❢✉♥❝*✐♦♥❛❧ ❡1✉❛*✐♦♥

❙♦♠❡ '♣❡❝✐❛❧ ❝❛'❡' ♦❢ "❤❡ ♥❡①" ♣+♦❜❧❡♠ +❡❧❛"❡❞ "♦ ❛ ❣❡♥❡+❛❧ ❢✉♥❝"✐♦♥❛❧ ❡A✉❛"✐♦♥ ✐' '"✉❞✐❡❞✳

▲❡" X ❛♥❞ Y ❜❡ ♥♦♥❡♠♣"② '❡"' ❛♥❞ ❧❡" ◦ ❛♥❞ ∗ ❜❡ ❜✐♥❛+② ♦♣❡+❛"✐♦♥' ♦♥ X '✉❝❤ "❤❛" x◦y 6= x∗y
❤♦❧❞' ✇❤❡♥❡✈❡+ x 6= y ❛♥❞ x, y ∈ X✳ ❆''✉♠❡ "❤❛" "❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝"✐♦♥ f : X → Y '❛"✐'✜❡' "❤❡

♥❡①" ♣+♦♣❡+"②✿

■❢ f(x) 6= f(y), "❤❡♥ f(x ◦ y) = f(x ∗ y). (P)

❚❤❡ A✉❡'"✐♦♥ ✐'✱ ✇❤❛" ❝❛♥ ✇❡ '"❛"❡ ❛❜♦✉" ❢✉♥❝"✐♦♥' f ❢✉❧✜❧❧✐♥❣ ♣+♦♣❡+"② ✭G✮✳

❊▲✲❙❛②❡❞ ❊❧✲❍❛❞②

■♥♥'❜+✉❝❦ ❯♥✐✈❡+'✐"②✱ ■♥♥'❜+✉❝❦✱ ❆✉'"+✐❛

❙✉❡③ ❈❛♥❛❧ ❯♥✐✈❡+'✐"②✱ ■'♠❛✐❧✐❛✱ ❊❣②♣"

✭❥♦✐♥" ✇♦+❦ ✇✐"❤❲♦❧❢❣❛♥❣ ❋()❣✲❘♦❜ ❛♥❞ ❏❛♥✉/③ ❇)③❞➛❦✮

❖♥ ❛ ❢✉♥❝*✐♦♥❛❧ ❡1✉❛*✐♦♥ ❛$✐2✐♥❣ ❢$♦♠ ✐♥✈❡♥*♦$② ❝♦♥*$♦❧ ♦❢ ❞❛*❛❜❛2❡ 2②2*❡♠2

❘❡❝❡♥"❧②✱ ❛ ❝❡+"❛✐♥ '"+✉❝"✉+❡ ♦❢ "✇♦✲♣❧❛❝❡ ❢✉♥❝"✐♦♥❛❧ ❡A✉❛"✐♦♥' ♣♦♣♣❡❞ ✉♣ ❢+♦♠ ♠❛♥② ✐♥"❡✲

+❡'"✐♥❣ ❛♣♣❧✐❝❛"✐♦♥' ❧✐❦❡ ❡✳❣✳ ✇✐+❡❧❡'' ♥❡"✇♦+❦'✳ ❚❤❡ ❣❡♥❡+❛❧ '"+✉❝"✉+❡ ♦❢ "❤✐' ♣❛+"✐❝✉❧❛+ ❝❧❛'' ♦❢

❡A✉❛"✐♦♥' ✐' ❣✐✈❡♥ ❜②

f(x, y) =
c2(x, y)f(x, 0) + c3(x, y)f(0, y) + c4(x, y)f(0, 0) + c5(x, y)

c1(x, y)
,

✇❤❡+❡ "❤❡ ❢✉♥❝"✐♦♥' ci(x, y) ❢♦+ i = 1, . . . , 5 ❛+❡ ❣✐✈❡♥ ♣♦❧②♥♦♠✐❛❧' ✐♥ "✇♦ ❝♦♠♣❧❡① ✈❛+✐❛❜❧❡' x ❛♥❞

y✳ ❚❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝"✐♦♥' f(x, y)✱ f(x, 0) ❛♥❞ f(0, y) ❛+❡ ❣❡♥❡+❛"✐♥❣ ❢✉♥❝"✐♦♥' ♦❢ '♦♠❡ '❡A✉❡♥❝❡'

♦❢ ✐♥"❡+❡'" ✐♥ ♠❛♥② ❛♣♣❧✐❝❛"✐♦♥' '❡❡ ❬✶❪✱ ❬✷❪ ❡✳❣✳✳ ❚❤❡+❡ ✐' ♥♦ ❣❡♥❡+❛❧ '♦❧✉"✐♦♥ "❤❡♦+② ❛✈❛✐❧❛❜❧❡

"♦ '♦❧✈❡ '✉❝❤ ❣❡♥❡+❛❧ ❝❧❛'' ♦❢ ❡A✉❛"✐♦♥'✳ ■♥ "❤✐' "❛❧❦ ■ ✇✐❧❧ ✐♥"+♦❞✉❝❡ ❛ '♦❧✉"✐♦♥ ♦❢ ❛ '♣❡❝✐❛❧

❝❛'❡ ♦❢ "❤✐' ❣❡♥❡+❛❧ ❢♦+♠✳ ❙✉❝❤ ❛ ❢✉♥❝"✐♦♥❛❧ ❡A✉❛"✐♦♥ ❛+✐'❡' ❢+♦♠ ❛ A✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇❤✐❝❤ ❤❛'

❛♣♣❧✐❝❛"✐♦♥' ✐♥ ✐♥✈❡♥"♦+② ❝♦♥"+♦❧ ♦❢ ❞❛"❛❜❛'❡ '②'"❡♠'✳ ❚❤❡ '♦❧✉"✐♦♥ ✐' ♦❜"❛✐♥❡❞ ❜② ❛''✉♠✐♥❣ ❢✉❧❧

'②♠♠❡"+② ♦♥ "❤❡ '②'"❡♠ ♣❛+❛♠❡"❡+'✱ ❜② ✉'✐♥❣ "❤❡ "❤❡♦+② ♦❢ ❜♦✉♥❞❛+② ✈❛❧✉❡ ♣+♦❜❧❡♠' '❡❡ ❬✸❪

❡✳❣✳✱ ❛♥❞ ❜② ✉'✐♥❣ ❝♦♥❢♦+♠❛❧ ♠❛♣♣✐♥❣✳

❘❡❢❡)❡♥❝❡/

❬✶❪ ❚✳ ▼❛❡()❡♥+✱ ❏✳ ❲❛❧(❛❡✈❡♥+✱ ▼✳ ▼♦❡♥❡❝❧❛❡②✱ ❍✳ ❇(✉♥❡❡❧✱  ❡"❢♦"♠❛♥❝❡ ❛♥❛❧②+✐+ ♦❢ ❛ ❞✐+❝"❡.❡✲.✐♠❡

0✉❡✉❡✐♥❣ +②+.❡♠ ✇✐.❤ ♣"✐♦"✐.② ❥✉♠♣+✱ ■♥)✳ ❏✳ ❊❧❡❝)(♦♥✳ ❈♦♠♠✉♥✳ ✭❆❊=✮ ✻✸ ✭✷✵✵✾✮✱ ✽✺✸✕✽✺✽✳

❬✷❪ ▼✳ ❙✐❞✐✱ ❆✳ ❙❡❣❛❧❧✱ ❚✇♦ ✐♥.❡"❢❡"✐♥❣ 0✉❡✉❡+ ✐♥ ♣❛❝❦❡.✲"❛❞✐♦ ♥❡.✇♦"❦+✱ ■❊❊❊ ❚(❛♥+✳ ❈♦♠♠✉♥✳ ✸✶ ✭✶✾✽✸✮✱

✶✷✸✕✶✷✾✳

❬✸❪ ❏✳❲✳ ❈♦❤❡♥✱ ❖✳❏✳ ❇♦①♠❛✱ ❇♦✉♥❞❛"② ✈❛❧✉❡ ♣"♦❜❧❡♠+ ✐♥ 0✉❡✉❡✐♥❣ +②+.❡♠ ❛♥❛❧②+✐+✱ ◆♦()❤✲❍♦❧❧❛♥❞ ▼❛)❤✲

❡♠❛)✐❝+ ❙)✉❞✐❡+✱ ✼✾✳ ◆♦()❤✲❍♦❧❧❛♥❞ P✉❜❧✐+❤✐♥❣ ❈♦✳✱ ❆♠+)❡(❞❛♠✱ ✶✾✽✸✳

✹



❲➟♦❞③✐♠✐❡(③ ❋❡❝❤♥❡(

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ 2♦❧❛♥❞

❘❡❣✉❧❛&✐(② ♦❢ ,♦❧✉(✐♦♥, ♦❢ ❍❧❛✇❦❛✬, ❢✉♥❝(✐♦♥❛❧ ✐♥❡3✉❛❧✐(②

▲❡' (X,+) ❜❡ ❛ '♦♣♦❧♦❣✐❝❛❧ ❆❜❡❧✐❛♥ ❣%♦✉♣✳ ❲❡ ❞✐&❝✉&& %❡❣✉❧❛%✐'② ♦❢ &♦❧✉'✐♦♥& f : X → R ♦❢

'❤❡ ❍❧❛✇❦❛✬& ❢✉♥❝'✐♦♥❛❧ ✐♥❡@✉❛❧✐'②

f(x+ y) + f(y + z) + f(x+ z) ≤ f(x+ y + z) + f(x) + f(y) + f(z),

♣♦&'✉❧❛'❡❞ ❢♦% ❛❧❧ x, y, z ∈ X✳ ■♥ ♣❛%'✐❝✉❧❛%✱ ✇❡ ♣%♦✈✐❞❡ ❝♦♥❞✐'✐♦♥& ✇❤✐❝❤ ✐♠♣❧② '❤❡ ❝♦♥'✐♥✉✐'②
♦❢ f ✳ ❲❡ ❝♦♥'✐♥✉❡ ❛♥❞ ❞❡✈❡❧♦♣ ♦✉% &'✉❞✐❡& ❢%♦♠ ❬✶❪✳

❘❡❢❡#❡♥❝❡

❬✶❪ ❲✳ ❋❡❝❤♥❡*✱ ❍❧❛✇❦❛✬& ❢✉♥❝+✐♦♥❛❧ ✐♥❡/✉❛❧✐+②✱ ❆❡-✉❛0✐♦♥❡3 ▼❛0❤✳ ✽✼ ✭✷✵✶✹✮✱ ♥♦✳ ✶✲✷✱ ✼✶✕✽✼✳

●✐❛♥ ▲✉✐❣✐ ❋♦(2✐

❯♥✐✈❡%&✐'F ❞❡❣❧✐ ❙'✉❞✐ ❞✐ ▼✐❧❛♥♦✱ ▼✐❧❛♥♦✱ ■'❛❧②

❆ ❝♦♠♣❛&✐,♦♥ ❛♠♦♥❣ ♠❡(❤♦❞, ❢♦& ♣&♦✈✐♥❣ ,(❛❜✐❧✐(②

❚❤❡ ❛✐♠ ♦❢ '❤✐& '❛❧❦ ✐& '♦ ♣%❡&❡♥' ❛♥❞ ❝♦♠♣❛%❡ '❤❡ ✈❛%✐♦✉& ♠❡'❤♦❞& ✉&❡❞ ✐♥ ❧✐'❡%❛'✉%❡ ❢♦%

♣%♦✈✐♥❣ ❯❧❛♠✕❍②❡%& &'❛❜✐❧✐'② ♦❢ ❢✉♥❝'✐♦♥❛❧ ❡@✉❛'✐♦♥&✿ '❤❡ ❞✐%❡❝' ♠❡'❤♦❞ ✐♥ ✐'& ✈❛%✐♦✉& ❢♦%♠&✱

'❤❡ &❤❛❞♦✇✐♥❣ ♠❡'❤♦❞✱ '❤❡ ✜①❡❞ ♣♦✐♥' ❛♣♣%♦❛❝❤ ❛♥❞ '❤❡ ✉&❡ ♦❢ ✐♥✈❛%✐❛♥' ♠❡❛♥&✳

❘❡❢❡#❡♥❝❡&
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▲❛)- ②❡❛" -❤❡ ❣❡♥❡"❛❧ )♦❧✉-✐♦♥ ♦❢ -❤❡ ❡9✉❛-✐♦♥ ♦❢ n✲❛))♦❝✐❛-✐✈✐-②

F (F (x1, . . . , xn), xn+1, . . . , x2n−1) = F (x1, F (x2, . . . , xn+1), xn+2, . . . , x2n−1) = . . .

= F (x1, . . . , xn−1, F (xn, . . . , x2n−1))

❢♦" F (x1, . . . , xn) ∈ C[[x1, . . . , xn]]✱ n ∈ N✱ n ≥ 3✱ ✇✐-❤ F (0, . . . , 0) = 0 ✇❛) ♣"❡)❡♥-❡❞ ✐♥ ♠② -❛❧❦✳
■❢ F (x1, . . . , xn) = x1 + xn + . . . ✱ -❤❡♥ ✇❡ ♣"♦✈❡❞ -❤❛- -❤❡"❡ ❡①✐)- ρ ∈ C✱ ❛♥ n− 1✲-❤ "♦♦- ♦❢

✉♥✐-② ♦❢ ♦"❞❡" n− 1✱ ❛♥❞ ❛ ❢♦"♠❛❧ ♣♦✇❡" )❡"✐❡) f(x) = x+ . . . ∈ C[[x]]✱ )♦ -❤❛-

F (x1, . . . , xn) = f−1
(

f(x1) + ρf(x2) + ρ2f(x3) + . . .+ ρn−2f(xn−1) + f(xn)
)

.
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'❤❡ ✐❞❡♥'✐'② ❢✉♥❝'✐♦♥✳

❘❡❢❡/❡♥❝❡$

❬✶❪ ❊✳❋✳ ❇❡❝❦❡♥❜❛❝❤✱ ●❡♥❡#❛❧✐③❡❞ ❝♦♥✈❡① ❢✉♥❝/✐♦♥0✱ ❇✉❧❧✳ ❆♠❡3✳ ▼❛5❤✳ ❙♦❝✳ ✹✸ ✭✶✾✸✼✮✱ ♥♦✳ ✻✱ ✸✻✸✕✸✼✶✳

❬✷❪ ❏✳ ▼❛5❦♦✇B❦✐✱ ●❡♥❡#❛❧✐③❡❞ ❝♦♥✈❡① ❢✉♥❝/✐♦♥0 ❛♥❞ ❛ 0♦❧✉/✐♦♥ ♦❢ ❛ ♣#♦❜❧❡♠ ♦❢ ❩0✳ 67❧❡0 ✱ D✉❜❧✳ ▼❛5❤✳

❉❡❜3❡❝❡♥ ✼✸ ✭✷✵✵✽✮✱ ♥♦✳ ✸✲✹✱ ✹✷✶✕✹✻✵✳

❬✸❪ ❩B✳ DK❧❡B✱ ✷✶✳ 6#♦❜❧❡♠ ✐♥ ❘❡♣♦#/ ♦❢ ❚❤❡ ❋♦#/②✲0❡❝♦♥❞ ■♥/❡#♥❛/✐♦♥❛❧ ❙②♠♣♦0✐✉♠ ♦♥ ❋✉♥❝/✐♦♥❛❧ ❊C✉❛✲

/✐♦♥0✱ ❆❡L✉❛5✐♦♥❡B ▼❛5❤✳ ✻✾ ✭✷✵✵✺✮✱ ✶✾✷✳

▼♦)❤❡ ●♦❧❞❜❡"❣

❚❡❝❤♥✐♦♥ ✲ ■&%❛❡❧ ■♥&'✐'✉'❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛✐❢❛✱ ■&%❛❡❧

❙✉❜♥♦,♠2 ♦♥ ❈❛②❧❡②✲❉✐❝❦2♦♥ ❛❧❣❡❜,❛2

❲❡ ❜❡❣✐♥ '❤✐& '❛❧❦ ❜② ❛ ❜%✐❡❢ ❛❝❝♦✉♥' ♦❢ '❤❡ ❈❛②❧❡②✲❉✐❝❦&♦♥ ❛❧❣❡❜%❛& ❛♥❞ ❜② %❡❝❛❧❧✐♥❣ '❤❛'

'❤❡  ❛❞✐✉% ♦♥ '❤❡&❡ ❛❧❣❡❜%❛& ✐& ❣✐✈❡♥ ❜② '❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦%♠✳ ❲✐'❤ '❤✐& ♦❜&❡%✈❛'✐♦♥ ✇❡ '✉%♥ '♦

'✇♦ %❡❧❛'❡❞ '♦♣✐❝&✿ ❛ ✈❛%✐❛♥' ♦❢ '❤❡ ●❡❧❢❛♥❞ ❢♦%♠✉❧❛✱ ❛♥❞ &'❛❜✐❧✐'② ♦❢ ❝♦♥'✐♥✉♦✉& &✉❜♥♦%♠&✳

▲3)③❧4 ❍♦"✈3#❤

❯♥✐✈❡%&✐'② ♦❢ 1❛♥♥♦♥✐❛✱ ❱❡&③♣%N♠✱ ❍✉♥❣❛%②

■♥✜♥✐&❡ ,❡✜♥❡♠❡♥&2 ♦❢ &❤❡ ❞✐2❝,❡&❡ ❏❡♥2❡♥✬2 ✐♥❡<✉❛❧✐&② ❞❡✜♥❡❞ ❜② ,❡❝✉,2✐♦♥

■♥ '❤✐& '❛❧❦ ✇❡ ❣✐✈❡ %❡✜♥❡♠❡♥'& ♦❢ '❤❡ ❞✐&❝%❡'❡ ❏❡♥&❡♥✬& ✐♥❡Q✉❛❧✐'② ❢♦% ❝♦♥✈❡① ❛♥❞ ♠✐❞✲❝♦♥✈❡①

❢✉♥❝'✐♦♥& ❞❡✜♥❡❞ ❜② %❡❝✉%&✐♦♥✳ ❈♦♥❞✐'✐♦♥& ❛%❡ ❣✐✈❡♥ ❢♦% &'%✐❝' ✐♥❡Q✉❛❧✐'② ✇❤✐❝❤ ✐& %❛%❡ ✐♥ '❤✐&

'♦♣✐❝✳ ■♥ &♦♠❡ ❝❛&❡& ❡①♣❧✐❝✐' ❢♦%♠✉❧❛& ❛%❡ ♦❜'❛✐♥❡❞✳ ❚❤❡ %❡&✉❧'& ❝♦♥'❛✐♥ ❛♥❞ ❣❡♥❡%❛❧✐③❡ ❡❛%❧✐❡%

&'❛'❡♠❡♥'&✳ ❆& ❛♥ ❛♣♣❧✐❝❛'✐♦♥ ✇❡ ❞❡✜♥❡ &♦♠❡ ♥❡✇ Q✉❛&✐✲❛%✐'❤♠❡'✐❝ ♠❡❛♥& ❛♥❞ &'✉❞② '❤❡✐% ✭&'%✐❝'✮

♠♦♥♦'♦♥✐❝✐'②✳

❲♦❥❝✐❡❝❤ ❏❛❜➟♦➠)❦✐

❘③❡&③♦✇ ❯♥✐✈❡%&✐'② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❘③❡&③/✇✱ 1♦❧❛♥❞

❙&❡✐♥❤❛✉2✲&②♣❡ ♣,♦♣❡,&② ❢♦, ❛ ❜♦✉♥❞❛,② ♦❢ ❛ 2❧✐❝❡

❚❤❡ ♥♦'✐♦♥ ♦❢ ❛♥ ♦♣❡♥ &❧✐❝❡ ❛♣♣❡❛%&✱ ❛♠♦♥❣ ♦'❤❡%&✱ ✐♥ ❝❤❛%❛❝'❡%✐③❛'✐♦♥& ♦❢ ❞❡♥'✐♥❣ ♣♦✐♥'& ♦❢

❜♦✉♥❞❡❞ ❝❧♦&❡❞ ❛♥❞ ❝♦♥✈❡① &❡'& ✐♥ ❛ ❇❛♥❛❝❤ &♣❛❝❡✳ ❲❡ &❤♦✇ '❤❛' ✐❢ S1(x0, x
∗
0, δ) ✐& ❛ ❜♦✉♥❞❛%②

✼



♦❢ ❛ #❧✐❝❡ ✐♥ ❛ )❡❛❧ ♥♦)♠❡❞ #♣❛❝❡ X✱ ✐✳❡✳ ✐❢

S1(x0, x
∗
0, δ) := {x ∈ S1 : x

∗
0(x) > 1− δ}

❢♦) #✉✐0❛❜❧② x∗0 ∈ S
∗
1 ⊂ X∗✱ 0❤❡♥ S1(x0, x

∗
0, δ) ❤❛# 0❤❡ #♦ ❝❛❧❧❡❞ ❙!❛✐♥❤❛✉'✲!②♣❡ ♣,♦♣❡,!②✱ ✐✳❡✳

int(S1(x0, x
∗
0, δ) + S1(x0, x

∗
0, δ)) 6= ∅.

❏✉"#②♥❛ ❏❛'❝③②❦

❯♥✐✈❡)#✐0② ♦❢ ❩✐❡❧♦♥❛ ●8)❛✱ ❩✐❡❧♦♥❛ ●8)❛✱ 9♦❧❛♥❞

✭❥♦✐♥0 ✇♦)❦ ✇✐0❤ ❩♦❧#$♥ ❉❛()❝③② ❛♥❞ ❲✐#♦❧❞ ❏❛(❝③②❦✮

❖♥ ♠❛$❣✐♥❛❧ ❥♦✐♥*+ ♦❢ ♠❡❛♥+

●✐✈❡♥ 0✇♦ ♠❡❛♥# ♦♥ ❛❞❥❛❝❡♥0 ✐♥0❡)✈❛❧# 0❤❡ ♣)♦❜❧❡♠ ✐# 0♦ ❞❡✜♥❡ ❛ ♠❡❛♥ ♦♥ 0❤❡ ✉♥✐♦♥ ♦❢ 0❤❡#❡

✐♥0❡)✈❛❧#✱ ✇❤✐❝❤ ✐# ❛ ❝♦♠♠♦♥ ❡①0❡♥#✐♦♥ ♦❢ ❜♦0❤ 0❤❡ ♠❡❛♥#✳ ❲❡ ♣)♦♣♦#❡ 0❤❡ ♥♦0✐♦♥ ♦❢ ♠❛)❣✐♥❛❧

❥♦✐♥0 ♣)♦✈✐❞✐♥❣ ❛ ♣)❡00② ✇✐❞❡ ❢❛♠✐❧② ♦❢ #✉❝❤ ❡①0❡♥❞❡❞ ♠❡❛♥#✳

❲✐#♦❧❞ ❏❛'❝③②❦

❯♥✐✈❡)#✐0② ♦❢ ❩✐❡❧♦♥❛ ●8)❛✱ ❩✐❡❧♦♥❛ ●8)❛✱ 9♦❧❛♥❞

✭❥♦✐♥0 ✇♦)❦ ✇✐0❤ ❩2♦❧# 3$❧❡2✮

❈♦♥✈❡①✐*② ✐♥ ❛♥ ❛❜❡❧✐❛♥ +❡♠✐❣$♦✉♣ +❡**✐♥❣

❲❡ ♣)♦♣♦#❡ 0✇♦ ♣❛)❛❧❧❡❧ ♥♦0✐♦♥# ♦❢ ❝♦♥✈❡①✐0② ♦❢ ❢✉♥❝0✐♦♥# ✐♥ 0❤❡ ❛❜❡❧✐❛♥ #❡♠✐❣)♦✉♣ #❡00✐♥❣✳

■♥ 0❤❡ 0❛❧❦ ❝❤❛)❛❝0❡)✐③❛0✐♦♥# ♦❢ ❜♦0❤ 0❤❡ ♥♦0✐♦♥# ❛♥❞ )❡#✉❧0# ❝♦♠♣❛)✐#✐♥❣ 0❤❡♠ ❛)❡ ♣)❡#❡♥0❡❞✳

●❡'❣❡❧② ❑✐""

❇✉❞❛♣❡#0 ❯♥✐✈❡)#✐0② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❇✉❞❛♣❡#0✱ ❍✉♥❣❛)②

✭❥♦✐♥0 ✇♦)❦ ✇✐0❤ ❱✐♥❝③❡ ❈2❛❜❛✮

■♥❤♦♠♦❣❡♥❡♦✉+ ❧✐♥❡❛$ ❢✉♥❝*✐♦♥❛❧ ❡8✉❛*✐♦♥ $❡❧❛*❡❞ *♦ ❙♦+③*♦❦✬+ ♣$♦❜❧❡♠

❲❡ ✐♥✈❡#0✐❣❛0❡ 0❤❡ #♦❧✉0✐♦♥ ♦❢ 0❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝0✐♦♥❛❧ ❡H✉❛0✐♦♥

F (y)− F (x) = (y − x)
n

∑

i=1

aif(αix+ βiy), ✭✶✮

✇❤❡)❡ F, f ❛)❡ ✉♥❦♥♦✇♥ ❢✉♥❝0✐♦♥#✳ ❙③♦#0♦❦ ♣)❡#❡♥0❡❞ #♦♠❡ ♣❛♣❡)# ❛❜♦✉0 #♦❧✉0✐♦♥# ♦❢ ✐♥0❡❣)❛❧

❛♣♣)♦①✐♠❛0✐♦♥# #✉❝❤ ❧✐❦❡ ✭✶✮✳ ❍❡ #❤♦✇❡❞ 0❤❛0 ✐❢ 0❤❡ ♣❛)❛♠❡0❡)# ✇❤❡)❡ ❝❤♦#❡♥ ❧✐❦❡ αi = 1 − βi
0❤❡♥ 0❤❡ ❛❞❞✐0✐✈❡ #♦❧✉0✐♦♥# ❛)❡ ♦❢ 0❤❡ ❢♦)♠ c ·x✱ ❛♥❞ ❛#❦❡❞ ✇❤❡♥ ✇❡ ❝❛♥ ❣✉❛)❛♥0❡❡ 0❤✐# ❝♦♥❝❧✉#✐♦♥

✐♥ 0❤❡ ❣❡♥❡)❛❧ ❝❛#❡❄ ❲❡ ❝♦♥#✐❞❡) 0❤❡ #♦❧✉0✐♦♥# ♦❢ ✭✶✮ ❢♦) ❛)❜✐0)❛)② αi, βi ∈ C✳ ❲❡ ✇✐❧❧ ❣✐✈❡

❛ #0)✉❝0✉)❛❧ ❞❡#❝)✐♣0✐♦♥ ♦❢ 0❤❡ #♦❧✉0✐♦♥#✱ ❡#♣❡❝✐❛❧❧② ❢♦❝✉#✐♥❣ ♦♥ 0❤❡ ❛❞❞✐0✐✈❡ #♦❧✉0✐♦♥# ♦❢ ✭✶✮✳ ❋♦)

0❤✐# ✇❡ ❣❡♥❡)❛❧✐③❡ 0❤❡ 0❤❡♦)② ♦❢ ❤♦♠♦❣❡♥❡♦✉# ❧✐♥❡❛) ❢✉♥❝0✐♦♥❛❧ ❡H✉❛0✐♦♥# ✇❤✐❝❤ ✉#❡# ❞✐#❝)❡0❡

#♣❡❝0)❛❧ #②0❤❡#✐# ❛♥❞ ❛♥❛❧②#✐#✳
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❚♦♠❛$③ ❑♦❝❤❛♥❡❦

❯♥✐✈❡%&✐'② ♦❢ ❲❛%&❛✇✱ ❲❛%&③❛✇❛✱ 0♦❧❛♥❞

❆♣♣"♦①✐♠❛(❡❧② ♦"❞❡" ③❡"♦ ♠❛♣. ❜❡(✇❡❡♥ ❈

∗
✲❛❧❣❡❜"❛.

❲❡ ❞❡❛❧ ✇✐'❤ '❤❡ ♣%♦❜❧❡♠ ✇❤❡'❤❡% ❛♥ ❛♣♣%♦①✐♠❛'❡❧② ③❡%♦✲♣%♦❞✉❝' ♣%❡&❡%✈✐♥❣ ✭♦%❞❡% ③❡%♦✮

♠❛♣ ❜❡'✇❡❡♥ ❈

∗
✲❛❧❣❡❜%❛& ♠✉&' ❜❡ ❝❧♦&❡ '♦ ❛ ③❡%♦✲♣%♦❞✉❝' ♣%❡&❡%✈✐♥❣ ♠❛♣✳ ▼♦%❡ ♣%❡❝✐&❡❧②✱

❢♦% ❣✐✈❡♥ ❈

∗
✲❛❧❣❡❜%❛& A✱ B ❛♥❞ ❛ &②♠♠❡'%✐❝✱ ❜♦✉♥❞❡❞✱ ❧✐♥❡❛% ♦♣❡%❛'♦% φ : A → B &❛'✐&❢②✐♥❣

‖φ(x)φ(y)‖ ≤ ε‖x‖‖y‖ ❢♦% ❛❧❧ &❡❧❢✲❛❞❥♦✐♥' x, y ∈ A ✇✐'❤ xy = 0✱ ✇❡ ❛&❦ ✇❤❡'❤❡% '❤❡%❡ ❡①✐&'&
❛ ③❡%♦✲♣%♦❞✉❝' ♣%❡&❡%✈✐♥❣ ♦♣❡%❛'♦% ψ : A → B ✇✐'❤ ‖φ − ψ‖ ≤ δ(ε)✱ ✇❤❡%❡ δ(ε) → 0 ❛& ε → 0✳
❲❡ &❤♦✇ '❤✐& ❤♦❧❞& '%✉❡ ✐♥ '❤❡ ❝❛&❡ ✇❤❡%❡ A ✐& ♥✉❝❧❡❛% ✭❛♠❡♥❛❜❧❡ ❛& ❛ ❇❛♥❛❝❤ ❛❧❣❡❜%❛✮ ❛♥❞ B
✐& ✐&♦♠♦%♣❤✐❝❛❧❧② ❛ ❞✉❛❧ ❇❛♥❛❝❤ B✲❜✐♠♦❞✉❧❡ ✭♦% ❛ '✇♦✲&✐❞❡❞ ✐❞❡❛❧ ♦❢ &✉❝❤✮✳ ❲❡ ❛❧&♦ &❤♦✇ '❤❛'
&✉❝❤ ❛ ♣%♦♣❡%'② ✐& ✈❛❧✐❞ ✐♥ &♦♠❡ ❝❛&❡& ✇❤❡♥ A = B(ℓ2)✱ ❜✉' ✐& ♥♦' ✈❛❧✐❞ ✐♥ ❣❡♥❡%❛❧✳

❲❡ &❤❛❧❧ ❛❧&♦ ❜%✐❡✢② ❞✐&❝✉&& ♣♦&&✐❜❧❡ ❝♦♥&❡E✉❡♥❝❡& ♦❢ ♦✉% %❡&✉❧'& ✐♥ '❤❡ '❤❡♦%② ♦❢ ♥✉❝❧❡❛%

❞✐♠❡♥&✐♦♥ ♦❢ ❈

∗
✲❛❧❣❡❜%❛& ✭❛ ♥♦'✐♦♥ ✐♥'%♦❞✉❝❡❞ ❜② ❲✳ ❲✐♥'❡% ❛♥❞ ❏✳ ❩❛❝❤❛%✐❛& ✐♥ ✷✵✶✵✮ ❛♥❞

❝♦❤♦♠♦❧♦❣② ♦❢ ❇❛♥❛❝❤ ❛❧❣❡❜%❛& ✭✐♥ '❤❡ &♣✐%✐' ♦❢ ❇✳❊✳ ❏♦❤♥&♦♥✬& '❤❡♦%② ♦❢ ❛♠❡♥❛❜✐❧✐'②✮✳

❩②❣❢0②❞ ❑♦♠✐♥❡❦

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ 0♦❧❛♥❞

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏✉"#②♥❛ ❙✐❦♦+"❦❛✮

❆❧✐❡♥❛(✐♦♥ ♦❢ (❤❡ ❧♦❣❛"✐(❤♠✐❝ ❛♥❞ ❡①♣♦♥❡♥(✐❛❧ ❢✉♥❝(✐♦♥❛❧ ❡9✉❛(✐♦♥.

❚❤❡ ❛✐♠ ♦❢ '❤❡ '❛❧❦ ✐& '♦ ♣%❡&❡♥' ❛ ❣❡♥❡%❛❧ &♦❧✉'✐♦♥ ♦❢ '❤❡ ❢✉♥❝'✐♦♥❛❧ ❡E✉❛'✐♦♥

f(xy)− f(x)− f(y) = g(x+ y)− g(x)g(y),

✇❤✐❝❤ ✐& &'%✐❝'❧② ❝♦♥♥❡❝'❡❞ ✇✐'❤ '❤❡ ♣%♦❜❧❡♠ ♦❢ ❛❧✐❡♥❛'✐♦♥ ♦❢ ❧♦❣❛%✐'❤♠✐❝ ❛♥❞ ❡①♣♦♥❡♥'✐❛❧ ❈❛✉❝❤②✬&

❢✉♥❝'✐♦♥❛❧ ❡E✉❛'✐♦♥& ❢♦% %❡❛❧ ❢✉♥❝'✐♦♥& ♦❢ ❛ %❡❛❧ ✈❛%✐❛❜❧❡✳ ❲❡ &♦❧✈❡ '❤✐& ❡E✉❛'✐♦♥ ❜♦'❤ ✐♥ ❝❛&❡

✇❤❡%❡ ✇❡ ❝♦♥&✐❞❡% ❛❧❧ %❡❛❧ ✈❛%✐❛❜❧❡&✱ ❛♥❞ ✲ '❛❦✐♥❣ ✐♥'♦ ❛❝❝♦✉♥' '❤❡ ♥❛'✉%❡ ♦❢ ❛ ❧♦❣❛%✐'❤♠✐❝ ❢✉♥❝'✐♦♥

✲ ❢♦% ♥♦♥✲③❡%♦ ✈❛%✐❛❜❧❡&✳ ■♥ '❤❡ ❧❛''❡% ❝❛&❡ '❤❡ ♣%♦❜❧❡♠ '✉%♥& ♦✉' '♦ ❜❡ ♠✉❝❤ ♠♦%❡ ❝♦♠♣❧✐❝❛'❡❞✳

●❡♥❡%❛❧❧②✱ ✇❡ ❞♦ ♥♦' ❛&&✉♠❡ ❛♥② %❡❣✉❧❛%✐'② ❝♦♥❞✐'✐♦♥& ♦♥ f ❛♥❞ g✳ ❇✉' ✐❢ g(1) = 1 ❛♥❞ f(1) = 0✱
✉♥❢♦%'✉♥❛'❡❧②✱ '❤❡ ♠❡'❤♦❞ ♦❢ '❤❡ ♣%♦♦❢ ✇❤✐❝❤ ✇❡ ✉&❡ ❢♦%❝❡& ✉& '♦ ❛&&✉♠❡ '❤❡ ❝♦♥'✐♥✉✐'② ♦❢ g ❛'
'❤❡ ♦%✐❣✐♥✳

❑30♦❧② ▲❛❥❦7

❯♥✐✈❡%&✐'② ♦❢ ❉❡❜%❡❝❡♥✱ ❉❡❜%❡❝❡♥✱ ❍✉♥❣❛%②

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❚❛♠." ●❧❛✈♦"✐#"✮

:❡①✐❞❡"✐③❛(✐♦♥. ♦❢ .♦♠❡ ❧♦❣❛"✐(❤♠✐❝ ❢✉♥❝(✐♦♥❛❧ ❡9✉❛(✐♦♥.

❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ '❤✐& '❛❧❦ ✐& '♦ ❣✐✈❡ '❤❡ ❣❡♥❡%❛❧ &♦❧✉'✐♦♥ ♦❢ '❤❡ ❢✉♥❝'✐♦♥❛❧ ❡E✉❛'✐♦♥

γ(y(x+ 1)) + g(x(y + 1)) = h(x) + h(y) (x, y ∈ T+)

❢♦% ❢✉♥❝'✐♦♥& γ, g, h : T+ → A✱ ✇❤❡%❡ T+ ✐& '❤❡ &❡' ♦❢ ♣♦&✐'✐✈❡ ❡❧❡♠❡♥'& ✐♥ ❛♥ ♦%❞❡%❡❞ ✜❡❧❞ T ❛♥❞
A ✐& ❛ ✉♥✐E✉❡❧② 2✲❞✐✈✐&✐❜❧❡ ❛❜❡❧✐❛♥ ❣%♦✉♣✳

❆& ❛ ❞✐%❡❝' ❝♦♥&❡E✉❡♥❝❡ ♦❢ ♦✉% ♠❛✐♥ %❡&✉❧' ✐' ✐& ♦❜'❛✐♥❡❞ ❡✳❣✳ '❤❛' ❡✈❡%② &♦❧✉'✐♦♥ γ : T+ → A
♦❢ '❤❡ ❡E✉❛'✐♦♥

γ(y(x+ 1)) + γ(x(y + 1)) = γ(x(x+ 1)) + γ(y(y + 1)) (x, y ∈ T+)

✇✐'❤ ❝♦♥❞✐'✐♦♥ γ(1) = 0 &❛'✐&✜❡& '❤❡ ❈❛✉❝❤② ❧♦❣❛%✐'❤♠✐❝ ❡E✉❛'✐♦♥

γ(xy) = γ(x) + γ(y) (x, y ∈ T+).

✾



❍✉❣♦ ▲❡✐✈❛

❯♥✐✈❡%&✐'② ♦❢ ❆♥❞❡&✱ ▼/%✐❞❛✱ ❱❡♥❡③✉❡❧❛

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ◆❡❧#♦♥ ▼❡'❡♥(❡#✮

❈♦♥#$♦❧❧❛❜✐❧✐#② ♦❢ #❤❡ -❡♠✐❧✐♥❡❛$ ❤❡❛# ❡/✉❛#✐♦♥ ✇✐#❤ ✐♠♣✉❧-❡- ❛♥❞ ❞❡❧❛②- ♦♥

#❤❡ -#❛#❡

❋♦% ♠❛♥② ❝♦♥'%♦❧ &②&'❡♠& ✐♥ %❡❛❧ ❧✐❢❡✱ ✐♠♣✉❧&❡& ❛♥❞ ❞❡❧❛②& ❛%❡ ✐♥'%✐♥&✐❝ ♣%♦♣❡%'✐❡& '❤❛' ❞♦ ♥♦'

♠♦❞✐❢② '❤❡✐% ❝♦♥'%♦❧❧❛❜✐❧✐'②✳ ❙♦ ✇❡ ❝♦♥❥❡❝'✉%❡ '❤❛' ✉♥❞❡% ❝❡%'❛✐♥ ❝♦♥❞✐'✐♦♥& '❤❡ ❛❜%✉♣' ❝❤❛♥❣❡&

❛♥❞ ❞❡❧❛②& ❛& ♣❡%'✉%❜❛'✐♦♥& ♦❢ ❛ &②&'❡♠ ❞♦ ♥♦' ♠♦❞✐❢② ❝❡%'❛✐♥ ♣%♦♣❡%'✐❡& &✉❝❤ ❛& ❝♦♥'%♦❧❧❛❜✐❧✐'②✳

■♥ '❤✐& %❡❣❛%❞✱ ✐♥ '❤✐& ♣❛♣❡% ✇❡ ♣%♦✈❡ '❤❡ ✐♥'❡%✐♦% ❛♣♣%♦①✐♠❛'❡ ❝♦♥'%♦❧❧❛❜✐❧✐'② ♦❢ '❤❡ ❙❡♠✐❧✐♥❡❛%

❍❡❛' ❊G✉❛'✐♦♥ ✇✐'❤ ■♠♣✉❧&❡& ❛♥❞ ❉❡❧❛②&✳

❘❡❢❡'❡♥❝❡#

❬✶❪ ❆✳❊✳ ❇❛(❤✐+♦✈✱ ◆✳ ●❤❛❤+❛♠❛♥❧♦✉✱ ❖♥ ♣❛$%✐❛❧ ❛♣♣$♦①✐♠❛%❡ ❝♦♥%$♦❧❧❛❜✐❧✐%② ♦❢ 0❡♠✐❧✐♥❡❛$ 0②0%❡♠0✱ ❈♦❣❡♥8

❊♥❣✐♥❡❡+✐♥❣✱ ✶ ✭✷✵✶✹✮✱ ✶✕✶✸✳

❬✷❪ ❆✳❊✳ ❇❛(❤✐+♦✈✱ ◆✳ ▼❛❤♠✉❞♦✈✱ ◆✳ ❙❡♠✐✱ ❍✳ ❊8✐❦❛♥✱ ❖♥ ♣❛$%✐❛❧ ❝♦♥%$♦❧❧❛❜✐❧✐%② ❝♦♥❝❡♣%0✱ ■♥8❡+♥❛8✳ ❏✳

❈♦♥8+♦❧ ✽✵ ✭✷✵✵✼✮✱ ♥♦✳ ✶✱ ✶✕✼✳

❬✸❪ ❆✳ ❈❛++❛(❝♦✱ ❍✳ ▲❡✐✈❛✱ ❏✳▲✳ ❙❛♥❝❤❡③✱ ❆✳ ❚✐♥❡♦✱ ❆♣♣$♦①✐♠❛%❡ ❝♦♥%$♦❧❧❛❜✐❧✐%② ♦❢ %❤❡ 0❡♠✐❧✐♥❡❛$ ✐♠♣✉❧0✐✈❡

❜❡❛♠ ❡5✉❛%✐♦♥ ✇✐%❤ ✐♠♣✉❧0❡0✱ ❚+❛♥(❛❝8✐♦♥ ♦♥ ■♦❚ ❛♥❞ ❈❧♦✉❞ ❈♦♠♣✉8✐♥❣ ✷ ✭✷✵✶✹✮✱ ♥♦✳ ✸✱ ✼✵✕✽✽✳

❬✹❪ ❍✳ ▲❡✐✈❛✱ ❈♦♥%$♦❧❧❛❜✐❧✐%② ♦❢ 0❡♠✐❧✐♥❡❛$ ✐♠♣✉❧0✐✈❡ ♥♦♥❛✉%♦♥♦♠♦✉0 0②0%❡♠0✱ ■♥8❡+♥❛8✳ ❏✳ ❈♦♥8+♦❧ ✽✽

✭✷✵✶✺✮✱ ♥♦✳ ✸✱ ✺✽✺✕✺✾✷✳

❩❜✐❣♥✐❡✇ ▲❡➧♥✐❛❦

I❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡%&✐'②✱ ❑%❛❦K✇✱ I♦❧❛♥❞

❖♥ #❤❡ #♦♣♦❧♦❣✐❝❛❧ ❝♦♥❥✉❣❛❝② ♦❢ ✢♦✇- ♦❢ ❣❡♥❡$❛❧✐③❡❞ ❘❡❡❜ ❤♦♠❡♦♠♦$♣❤✐-♠-

❲❡ &'✉❞② '❤❡ ♣%♦❜❧❡♠ ♦❢ '♦♣♦❧♦❣✐❝❛❧ ❝♦♥❥✉❣❛❝② ✐♥ ❛ ❝❧❛&& ♦❢ ✢♦✇& ♦❢ ❇%♦✉✇❡% ❤♦♠❡♦♠♦%✲

♣❤✐&♠&✳ ❲❡ ❣✐✈❡ ❛ ♥❡❝❡&&❛%② ❛♥❞ &✉✣❝✐❡♥' ❝♦♥❞✐'✐♦♥ ❢♦% ✢♦✇& ♦❢ ❣❡♥❡%❛❧✐③❡❞ ❘❡❡❜ ❤♦♠❡♦♠♦%✲

♣❤✐&♠& '♦ ❜❡ '♦♣♦❧♦❣✐❝❛❧❧② ❝♦♥❥✉❣❛'❡❞✳ ❚❤❡ ❝♦♥❞✐'✐♦♥ ❞❡&❝%✐❜❡& '❤❡ %❡❧❛'✐♦♥&❤✐♣ ❜❡'✇❡❡♥ '❤❡

'%❛♥&✐'✐♦♥ ♠❛♣& ♦❢ '❤❡ ✢♦✇&✳ ▼♦%❡♦✈❡%✱ ✇❡ ❝♦♥&✐❞❡% ❛♥ ✐♥✈❛%✐❛♥' ✇❤✐❝❤ ❞✐&'✐♥❣✉✐&❤❡& ✢♦✇& ❝♦♥✲

❥✉❣❛'❡ '♦ '❤❡ &'❛♥❞❛%❞ ❣❡♥❡%❛❧✐③❡❞ ❘❡❡❜ ✢♦✇✳

▲/0③❧3 ▲♦0♦♥❝③✐

❯♥✐✈❡%&✐'② ♦❢ ❉❡❜%❡❝❡♥✱ ❉❡❜%❡❝❡♥✱ ❍✉♥❣❛%②

❊/✉❛❧✐#② ♦❢ <=❧❡- ♠❡❛♥-

▲❡' f, g : I → R ❜❡ ❝♦♥'✐♥✉♦✉& ❢✉♥❝'✐♦♥& &✉❝❤ '❤❛' g ✐& ♣♦&✐'✐✈❡ ❛♥❞ f/g ✐& &'%✐❝'❧② ♠♦♥♦'♦♥❡
♦♥ '❤❡ ♥♦♥❡♠♣'② ♦♣❡♥ ✐♥'❡%✈❛❧ I✱ ❛♥❞ ❧❡' µ ❜❡ ❛ ♣%♦❜❛❜✐❧✐'② ♠❡❛&✉%❡ ♦♥ '❤❡ ❇♦%❡❧ &✉❜&❡'& ♦❢
[0, 1]✳ ❚❤❡ '✇♦ ✈❛%✐❛❜❧❡ ♠❡❛♥ Mf,g;µ : I

2 → I✱ ❝❛❧❧❡❞ IT❧❡& ♠❡❛♥ ✐& ❞❡✜♥❡❞ ❜②

Mf,g;µ(x, y) :=
(f

g

)−1
(

∫ 1
0 f(tx+ (1− t)y) dµ(t)
∫ 1
0 g(tx+ (1− t)y) dµ(t)

)

(x, y ∈ I).

■♥ '❤❡ '❛❧❦ ✇❡ ❞✐&❝✉&& '❤❡ ❡G✉❛❧✐'② ♣%♦❜❧❡♠

Mf,g;µ(x, y) =Mk,l;ν(x, y) (x, y ∈ I).

♦❢ &✉❝❤ ♠❡❛♥&✳

✶✵



❘❡❢❡#❡♥❝❡&

❬✶❪ ▲✳ ▲♦&♦♥❝③✐✱ ❊!✉❛❧✐&② ♦❢ &✇♦ ✈❛,✐❛❜❧❡ ✇❡✐❣❤&❡❞ ♠❡❛♥4✿ ,❡❞✉❝&✐♦♥ &♦ ❞✐✛❡,❡♥&✐❛❧ ❡!✉❛&✐♦♥4 ✱ ❆❡.✉❛1✐♦♥❡&

▼❛1❤✳ ✺✽ ✭✶✾✾✾✮✱ ♥♦✳ ✸✱ ✷✷✸✕✷✹✶✳

❬✷❪ ▲✳ ▲♦&♦♥❝③✐✱ ❊!✉❛❧✐&② ♦❢ &✇♦ ✈❛,✐❛❜❧❡ ❈❛✉❝❤② ♠❡❛♥ ✈❛❧✉❡4✱ ❆❡.✉❛1✐♦♥❡& ▼❛1❤✳ ✻✺ ✭✷✵✵✸✮✱ ♥♦✳ ✶✲✷✱

✻✶✕✽✶✳

❬✸❪ ▲✳ ▲♦&♦♥❝③✐✱ ❊!✉❛❧✐&② ♦❢ &✇♦ ✈❛,✐❛❜❧❡ ♠❡❛♥4 ,❡✈✐4✐&❡❞✱ ❆❡.✉❛1✐♦♥❡& ▼❛1❤✳ ✼✶ ✭✷✵✵✻✮✱ ♥♦✳ ✸✱ ✷✷✽✕✷✹✺✳

❬✹❪ ▲✳ ▲♦&♦♥❝③✐✱ ❩&✳ AB❧❡&✱ ❊!✉❛❧✐&② ♦❢ &✇♦✲✈❛,✐❛❜❧❡ ❢✉♥❝&✐♦♥❛❧ ♠❡❛♥4 ❣❡♥❡,❛&❡❞ ❜② ❞✐✛❡,❡♥& ♠❡❛4✉,❡4 ✱

❆❡.✉❛1✐♦♥❡& ▼❛1❤✳ ✽✶ ✭✷✵✶✶✮✱ ♥♦✳ ✶✲✷✱ ✸✶✕✺✸✳

❬✺❪ ❩✳ ▼❛❦E✱ ❩&✳ AB❧❡&✱ ❖♥ &❤❡ ❡!✉❛❧✐&② ♦❢ ❣❡♥❡,❛❧✐③❡❞ !✉❛4✐✲❛,✐&❤♠❡&✐❝ ♠❡❛♥4✱ A✉❜❧✳ ▼❛1❤✳ ❉❡❜H❡❝❡♥ ✼✷

✭✷✵✵✽✮✱ ♥♦✳ ✸✲✹✱ ✹✵✼✕✹✹✵✳

❘❛❞♦$➟❛✇ ❾✉❦❛$✐❦

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ 2♦❧❛♥❞

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ '❛✇❡➟ ❲,❥❝✐❦✮

❖!"❤♦❣♦♥❛❧✐"② ❡,✉❛"✐♦♥ ✇✐"❤ "✇♦ ✉♥❦♥♦✇♥ ❢✉♥❝"✐♦♥2

▲❡' H✱ K ❜❡ ❍✐❧❜❡%' &♣❛❝❡& ♦✈❡% '❤❡ &❛♠❡ ✜❡❧❞ K ∈ {R,C}✳ ▲❡' 〈·|·〉 ❞❡♥♦'❡& '❤❡ ✐♥♥❡%
♣%♦❞✉❝'✳ ❲❡ ✇✐❧❧ &♦❧✈❡ '❤❡ ❣❡♥❡%❛❧✐③❡❞ ♦%'❤♦❣♦♥❛❧✐'② ❡D✉❛'✐♦♥

∀x,y∈H 〈f(x)|g(y)〉 = 〈x|y〉 , ✭✶✮

✇✐'❤ '✇♦ ✉♥❦♥♦✇♥ ❢✉♥❝'✐♦♥& f, g : H → K✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❏✳ ❈❤♠✐❡❧✐➠&❦✐✱ ❖,&❤♦❣♦♥❛❧✐&② ❡!✉❛&✐♦♥ ✇✐&❤ &✇♦ ✉♥❦♥♦✇♥ ❢✉♥❝&✐♦♥4✱ &✉❜♠✐11❡❞✳

❬✷❪ ❘❡♣♦,& ♦❢ ▼❡❡&✐♥❣✱ ❆♥♥✳ ❯♥✐✈✳ A❛❡❞❛❣♦❣✳ ❈H❛❝✳ ❙1✉❞✳ ▼❛1❤✳ ✶✷ ✭✷✵✶✸✮✱ ✾✶✕✶✸✶✳

❬✸❪ ❘❡♣♦,& ♦❢ ▼❡❡&✐♥❣✱ ❆♥♥✳ ❯♥✐✈✳ A❛❡❞❛❣♦❣✳ ❈H❛❝✳ ❙1✉❞✳ ▼❛1❤✳ ✶✸ ✭✷✵✶✹✮✱ ✶✸✾✕✶✻✾✳

❏✉❞✐, ▼❛❦.

❯♥✐✈❡%&✐'② ♦❢ ▼✐&❦♦❧❝✱ ▼✐&❦♦❧❝✲❊❣②❡'❡♠✈I%♦&✱ ❍✉♥❣❛%②

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ '0❧ ❇✉#❛✐ ❛♥❞ ❆55✐❧❛ ❍0③②✮

❖♥ ❲!✐❣❤" ❝♦♥✈❡①✐"② "②♣❡ ✐♥❡,✉❛❧✐"✐❡2

▲❡' D ❜❡ ❛ ❝♦♥✈❡① ♥♦♥❡♠♣'② &✉❜&❡' ♦❢ ❛ ❧✐♥❡❛% &♣❛❝❡ X✳ ❲❡ &❛② '❤❛' ❛ &②♠♠❡'%✐❝ ❢✉♥❝'✐♦♥
f : D ×D → R ✐& ❣❡♥❡%❛❧✐③❡❞ ❲%✐❣❤' ❝♦♥✈❡①✱ ✐❢

f(tx+ (1− t)y, (1− t)x+ ty) ≤ f(x, y) (x, y ∈ D, t ∈ [0, 1]).

■❢ '❤❡ ❛❜♦✈❡ ✐♥❡D✉❛❧✐'② &'❛♥❞& ♦♥❧② ♦♥❡ t ∈]0, 1[✱ ✇❡ &❛② '❤❛' f ✐& ❣❡♥❡%❛❧✐③❡❞ t✲❲%✐❣❤' ❝♦♥✈❡①✳
■♥ '❤✐& '❛❧❦✱ ✇❡ ❣✐✈❡ &♦♠❡ ❜❛&✐❝ ♣%♦♣❡%'✐❡& ♦❢ ❣❡♥❡%❛❧✐③❡❞ ❲%✐❣❤' ❝♦♥✈❡① ❢✉♥❝'✐♦♥&✱ ✇❡ ♣%♦✈❡

❛ ❇❡%♥&'❡✐♥✕❉♦❡'&❝❤ '②♣❡ '❤❡♦%❡♠✱ ♠♦%❡♦✈❡% ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦% ❝♦♥♥❡❝'✐♦♥& ❜❡'✇❡❡♥ ❣❡♥❡%❛❧✐③❡❞

❲%✐❣❤' ❝♦♥✈❡① ❢✉♥❝'✐♦♥& ❛♥❞ ❍❡%♠✐'❡✕❍❛❞❛♠❛%❞ '②♣❡ ✐♥❡D✉❛❧✐'✐❡&✳

✶✶



●②✉❧❛ ▼❛❦'❛

❯♥✐✈❡%&✐'② ♦❢ ❉❡❜%❡❝❡♥✱ ❉❡❜%❡❝❡♥✱ ❍✉♥❣❛%②

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❩!♦❧$ %&❧❡!✮

❆!!♦❝✐❛&✐✈✐&② ❛♥❞ &❤❡ ❍♦!!③/ ❡0✉❛&✐♦♥

■♥&♣✐%❡❞ ❜② '❤❡ ♦❜&❡%✈❛'✐♦♥ '❤❛' '❤❡ ❝♦♥'✐♥✉♦✉&✱ ❝❛♥❝❡❧❧❛'✐✈❡✱ ❛♥❞ ❛&&♦❝✐❛'✐✈❡ ♦♣❡%❛'✐♦♥&

(x, y) 7→ x+ y − xy ❛♥❞ (x, y) 7→ xy ♦♥ ]0, 1[×]0, 1[ ✐♥ '❤❡ ❍♦&&③> ❡?✉❛'✐♦♥

f(x+ y − xy) + f(xy) = f(x) + f(y) (x, y ∈]0, 1[)

❤❛✈❡ '❤❡ ❛❞❞✐'✐♦♥❛❧ ♣%♦♣❡%'② '❤❛' '❤❡✐% ♣♦✐♥'✇✐&❡ &✉♠ ✐& '❤❡ ♦%❞✐♥❛%② ❛❞❞✐'✐♦♥✱ ✇❡ ✐♥✈❡&'✐❣❛'❡

'❤❡ ❢✉♥❝'✐♦♥❛❧ ❡?✉❛'✐♦♥

ϕ−1(ϕ(x) + ϕ(y)) + ψ−1(ψ(x) + ψ(y)) = x+ y (x, y ∈ I) ✭✶✮

✇❤❡%❡ I ⊆ R ✭'❤❡ %❡❛❧&✮ ✐& ❛♥ ✐♥'❡%✈❛❧ ♦❢ ♣♦&✐'✐✈❡ ❧❡♥❣'❤✱ ❛♥❞ ϕ, ψ : I → R ❛%❡ &'%✐❝'❧② ♠♦♥♦'♦♥✐❝

❛♥❞ ❝♦♥'✐♥✉♦✉& ❢✉♥❝'✐♦♥&✳ ❲❡ ♣%❡&❡♥' ❛❧❧ &✉❝❤ ❛ &♦❧✉'✐♦♥& ♦❢ (1) ❛♥❞ '❤❡ ❣❡♥❡%❛❧ &♦❧✉'✐♦♥ f : I → R

♦❢ '❤❡ ❍♦&&③> '②♣❡ ❡?✉❛'✐♦♥

f
(

ϕ−1(ϕ(x) + ϕ(y))
)

+ f
(

ψ−1(ψ(x) + ψ(y))
)

= f(x) + f(y) (x, y ∈ I)

✇❤❡%❡ ϕ, ψ : I → R ❛%❡ &'%✐❝'❧② ♠♦♥♦'♦♥✐❝ ❛♥❞ ❝♦♥'✐♥✉♦✉& ❢✉♥❝'✐♦♥& &❛'✐&❢②✐♥❣ (1)✳

❏❡❛♥✲▲✉❝ ▼❛.✐❝❤❛❧

❯♥✐✈❡%&✐'② ♦❢ ▲✉①❡♠❜♦✉%❣✱ ▲✉①❡♠❜♦✉%❣✱ ▲✉①❡♠❜♦✉%❣

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❇)✉♥♦ ❚❡❤❡✉①✮

●❡♥❡3❛❧✐③❛&✐♦♥! ❛♥❞ ✈❛3✐❛♥&! ♦❢ ❛!!♦❝✐❛&✐✈✐&② ❢♦3 ✈❛3✐❛❞✐❝ ❢✉♥❝&✐♦♥!✿ ❛ !✉3✈❡②

❋♦% ❛♥② ♥♦♥❡♠♣'② &❡' X✱ ✇❡ ❧❡' X∗ ❞❡♥♦'❡ '❤❡ &❡' ♦❢ ❛❧❧ '✉♣❧❡& ♦♥ X✳ ❲❡ ❡♥❞♦✇ X∗ ✇✐'❤
'❤❡ ❝♦♥❝❛'❡♥❛'✐♦♥ ♦♣❡%❛'✐♦♥ ❢♦% ✇❤✐❝❤ ✇❡ ✉&❡ '❤❡ ❥✉①'❛♣♦&✐'✐♦♥ ♥♦'❛'✐♦♥✳ ❋♦% ❡✈❡%② &'%✐♥❣ x ❛♥❞

❡✈❡%② ✐♥'❡❣❡% n > 1✱ '❤❡ ♣♦✇❡% xn
&'❛♥❞& ❢♦% '❤❡ &'%✐♥❣ ♦❜'❛✐♥❡❞ ❜② ❝♦♥❝❛'❡♥❛'✐♥❣ n ❝♦♣✐❡& ♦❢ x✳

❚❤❡ ❧❡♥❣'❤ ♦❢ ❛ &'%✐♥❣ x ✐& ❞❡♥♦'❡❞ ❜② |x|✳

❘❡❝❛❧❧ '❤❛' ❛ ❢✉♥❝'✐♦♥ F : X∗ → X∗ ✐& &❛✐❞ '♦ ❜❡

• ❛!!♦❝✐❛%✐✈❡ ✐❢✱ ❢♦% ❡✈❡%② x,y, z ∈ X∗✱ ✇❡ ❤❛✈❡ F (xyz) = F (xF (y)z)❀

• ❜❛)②❝❡♥%)✐❝❛❧❧② ❛!!♦❝✐❛%✐✈❡ ✐❢✱ ❢♦% ❡✈❡%② x,y, z ∈ X∗✱ ✇❡ ❤❛✈❡ '❤❡ ❡?✉❛❧✐'② F (xyz) =
F (xF (y)|y|z)✳

▼♦%❡ ❣❡♥❡%❛❧❧②✱ ❢♦% ❛♥② ♥♦♥❡♠♣'② &❡' Y ✱ ❛ ❢✉♥❝'✐♦♥ F : X∗ → Y ✐& &❛✐❞ '♦ ❜❡

• ♣)❡❛!!♦❝✐❛%✐✈❡ ✐❢✱ ❢♦% ❡✈❡%② x,y,y′, z ∈ X∗✱ ✇❡ ❤❛✈❡ F (xyz) = F (xy′z) ✇❤❡♥❡✈❡% F (y) =
F (y′)✳

• ❜❛)②❝❡♥%)✐❝❛❧❧② ♣)❡❛!!♦❝✐❛%✐✈❡ ✐❢✱ ❢♦% ❡✈❡%② x,y,y′, z ∈ X∗ &✉❝❤ '❤❛' |y| = |y′|✱ ✇❡ ❤❛✈❡
F (xyz) = F (xy′z) ✇❤❡♥❡✈❡% F (y) = F (y′)✳

■♥ '❤✐& ♣%❡&❡♥'❛'✐♦♥ ✇❡ &✉%✈❡② '❤❡ ♠♦&' %❡❝❡♥' %❡&✉❧'& ♦❜'❛✐♥❡❞ ♦♥ '❤❡ ♣%♦♣❡%'✐❡& ❛❜♦✈❡✳

✶✷



❘❡❢❡#❡♥❝❡&

❬✶❪ ❊✳ ▲❡❤(♦♥❡♥✱ ❏✳✲▲✳ ▼❛0✐❝❤❛❧✱ ❇✳ ❚❡❤❡✉①✱ ❆!!♦❝✐❛&✐✈❡ !&)✐♥❣ ❢✉♥❝&✐♦♥!✱ ❆9✐❛♥✲❊✉0✳ ❏✳ ▼❛(❤✳ ✼ ✭✷✵✶✹✮✱

♥♦✳ ✹✱ ✶✹✺✵✵✺✾✱ ✶✽♣♣✳

❬✷❪ ❏✳✲▲✳ ▼❛5✐❝❤❛❧✱ ❇✳ ❚❡❤❡✉①✱ ❇❛"②❝❡♥'"✐❝❛❧❧② ❛**♦❝✐❛'✐✈❡ ❛♥❞ ♣"❡❛**♦❝✐❛'✐✈❡ ❢✉♥❝'✐♦♥*✱ ❆❝@❛ ▼❛@❤✳ ❍✉♥✲

❣❛5✳ ✶✹✺ ✭✷✵✶✺✮✱ ♥♦✳ ✷✱ ✹✻✽✕✹✽✽✳

❏❛♥✉$③ ▼❛'❦♦✇$❦✐

❯♥✐✈❡%&✐'② ♦❢ ❩✐❡❧♦♥❛ ●/%❛✱ ❩✐❡❧♦♥❛ ●/%❛✱ 1♦❧❛♥❞

❈♦♠♠✉$❛$✐✈✐$② ♦❢ ✐♥$❡❣-❛❧ /✉❛0✐✲❛-✐$❤♠❡$✐❝ ♠❡❛♥0 ♦♥ ♣-♦❜❛❜✐❧✐$② 0♣❛❝❡0

▲❡' f ❛♥❞ g ❜❡ %❡❛❧✲✈❛❧✉❡❞ ❝♦♥'✐♥✉♦✉& &'%✐❝'❧② ♠♦♥♦'♦♥✐❝ ❢✉♥❝'✐♦♥& ❞❡✜♥❡❞ ♦♥ ❛ %❡❛❧ ✐♥'❡%✈❛❧ I✱
❛♥❞ ❧❡' (X,L, λ) ❛♥❞ (Y,M, µ) ❜❡ ♣%♦❜❛❜✐❧✐'② &♣❛❝❡&✳

❲❡ &❛② '❤❛' '❤❡ ♣❛✐% (f, g) ✐& ❛ (λ, µ)✲ ✇✐#❝❤❡' ✐❢✱ ❢♦% ❡✈❡%② L ×M✲♠❡❛&✉%❛❜❧❡ ❢✉♥❝'✐♦♥

h : X × Y → I✱

f−1
(

∫

X

f
(

g−1
(

∫

Y

g ◦ h dµ
))

dλ
)

= g−1
(

∫

Y

g
(

f−1
(

∫

Y

f ◦ h dλ
))

dµ
)

,

✭'❤❛' ✐& ✐❢ '❤❡ ✐♥'❡❣%❛❧ @✉❛&✐✲❛%✐'❤♠❡'✐❝ ♠❡❛♥& ♦❢ '❤❡ ❣❡♥❡%❛'♦%& f ❛♥❞ g ❛%❡ ♣❡%♠✉'❛❜❧❡✮✳
❯♥❞❡% &♦♠❡ ❣❡♥❡%❛❧ ❝♦♥❞✐'✐♦♥&✱ ♦♥❡ ❝❛♥ ♣%♦✈❡✱ '❤❛' (f, g) ✐& ❛ (λ, µ)✲&✇✐'❝❤❡% ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

g = af + b ❢♦% &♦♠❡ a, b ∈ R✱ a 6= 0✳

❘❡❢❡#❡♥❝❡

❬✶❪ E✳ ▲❡♦♥❡@@✐✱ ❏✳ ▼❛@❦♦✇H❦✐✱ ❙✳ ❚5✐♥❣❛❧✐✱ ❖♥ '❤❡ ❝♦♠♠✉'❛'✐♦♥ ♦❢ ❣❡♥❡"❛❧✐③❡❞ ♠❡❛♥* ♦♥ ♣"♦❜❛❜✐❧✐'② *♣❛❝❡* ✱

H✉❜♠✐@@❡❞✳

❏♦❧❛♥'❛ ▼✐$✐❡✇✐❝③

❲❛%&❛✇ ❯♥✐✈❡%&✐'② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❲❛%&③❛✇❛✱ 1♦❧❛♥❞

●❡♥❡-❛❧✐③❡❞ ❝♦♥✈♦❧✉$✐♦♥0 ❛♥❞ $❤❡ ▲❡✈✐✲❈✐✈✐$❛ ❢✉♥❝$✐♦♥❛❧ ❡/✉❛$✐♦♥

❆ ❝♦♠♠✉'❛'✐✈❡ ❛♥❞ ❛&&♦❝✐❛'✐✈❡ P✲✈❛❧✉❡❞ ❜✐♥❛%② ♦♣❡%❛'✐♦♥ ⋄ ❞❡✜♥❡❞ ♦♥ P2
+ ✐& ❝❛❧❧❡❞ ❛ ❣❡♥❡'✲

❛❧✐③❡❞ ❝♦♥✈♦❧✉#✐♦♥ ✐❢ ❢♦% ❛❧❧ λ, λ1, λ2 ∈ P+ ❛♥❞ a > 0 ✇❡ ❤❛✈❡✿

✭✐✮ δ0 ⋄ λ = λ❀

✭✐✐✮ (pλ1 + (1− p)λ2) ⋄ λ = p(λ1 ⋄ λ) + (1− p)(λ2 ⋄ λ) ✇❤❡♥❡✈❡% p ∈ [0, 1]❀

✭✐✐✐✮ Ta(λ1 ⋄ λ2) = (Taλ1) ⋄ (Taλ2)❀

✭✐✈✮ ✐❢ λn → λ '❤❡♥ λn ⋄ η → λ ⋄ η ❢♦% ❛❧❧ η ∈ P ❛♥❞ λn ∈ P+✱

✭✈✮ '❤❡%❡ ❡①✐&'& ❛ &❡@✉❡♥❝❡ (cn)n∈N ♦❢ ♣♦&✐'✐✈❡ ♥✉♠❜❡%& &✉❝❤ '❤❛' '❤❡ &❡@✉❡♥❝❡ Tcnδ
⋄n
1 ❝♦♥✈❡%❣❡&

'♦ ❛ ♠❡❛&✉%❡ ❞✐✛❡%❡♥' ❢%♦♠ δ0✱

✇❤❡%❡ → ❞❡♥♦'❡& ✇❡❛❦ ❝♦♥✈❡%❣❡♥❝❡ ♦❢ ♣%♦❜❛❜✐❧✐'② ♠❡❛&✉%❡&✳

❲❡ ✇❛♥' '♦ ❝❤❛%❛❝'❡%✐③❡ &✉❝❤ ❣❡♥❡%❛❧ ❝♦♥✈♦❧✉'✐♦♥& ❢♦% ✇❤✐❝❤ '❤❡ ❝♦♥✈♦❧✉'✐♦♥ ♦❢ '✇♦ ♦♥❡✲♣♦✐♥'

♠❡❛&✉%❡& δx, δ1 ✐& ❛ ❝♦♥✈❡① ❧✐♥❡❛% ❝♦♠❜✐♥❛'✐♦♥ ♦❢ n ✜①❡❞ ♠❡❛&✉%❡& ❛♥❞ ♦♥❧② ❝♦❡✣❝✐❡♥'& ♦❢ ❧✐♥❡❛%
❝♦♠❜✐♥❛'✐♦♥ ❞❡♣❡♥❞ ♦♥ x✳ ▼♦%❡ ❡①❛❝'❧②✿ '❤❡%❡ ❡①✐&'& λ0, . . . , λn &✉❝❤ '❤❛' ❢♦% ❛❧❧ x ∈ [0, 1]

δx ⋄ δ1 =
n

∑

k=0

pk(x)λk,

✶✸



❢♦" #♦♠❡ ❢✉♥❝)✐♦♥# pk : [0, 1] → [0, 1] #✉❝❤ )❤❛) p0(x) + . . . + pn(x) = 1 ❢♦" ❛❧❧ x ∈ [0, 1]✳ ■♥ )❤❡

❧❛♥❣✉❛❣❡ ♦❢ ❣❡♥❡"❛❧✐③❡❞ ❝❤❛"❛❝)❡"✐#)✐❝ ❢✉♥❝)✐♦♥ )❤✐# ❧✐❡❞# )♦ )❤❡ ❢♦❧❧♦✇✐♥❣

ϕ(xt)ϕ(t) =
n

∑

k=1

pk(x)Φk(t), x ∈ [0, 1], t > 0.

❲❡ #❤♦✇ )❤❛) )❤✐# ❡5✉❛)✐♦♥ ❝❛♥ ❜❡ ✇"✐))❡♥ ✐♥ )❤❡ ❢♦"♠ ♦❢ ♠✉❧)✐♣❧✐❝❛)✐✈❡ ▲❡✈✐✲❈✐✈✐)❛ ❢✉♥❝)✐♦♥❛❧

❡5✉❛)✐♦♥ ❛♥❞ )❤❡♥ ✇❡ ❝❤❛"❛❝)❡"✐③❡ ❢♦" ❡❛❝❤ n > 2 )❤❡ #❡) ♦❢ ❣❡♥❡"❛❧✐③❡❞ ❝♦♥✈♦❧✉)✐♦♥# ✇✐)❤ )❤❡

❝♦♥#✐❞❡"❡❞ ♣"♦♣❡")②✳

❏❛♥✉$③ ▼♦(❛✇✐❡❝

❯♥✐✈❡"#✐)② ♦❢ ❙✐❧❡#✐❛✱ ❑❛)♦✇✐❝❡✱ A♦❧❛♥❞

❲❛✈❡❧❡%& ❛♥❞ ❢✉♥❝%✐♦♥❛❧ ❡.✉❛%✐♦♥&

❚❤❡ )❛❧❦ ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥)♦ )❤"❡❡ ♣❛")#✳ ■♥ )❤❡ ✜"#) ♦♥❡ ✇❡ ✇✐❧❧ ✐♥)"♦❞✉❝❡ )❤❡ ❝♦♥❝❡♣)

♦❢ ✇❛✈❡❧❡) ❜❛#❡#✳ ◆❡①)✱ ✇❡ ✇✐❧❧ ❞✐#❝✉## ❤♦✇ ❢✉♥❝)✐♦♥❛❧ ❡5✉❛)✐♦♥# ✭❝❛❧❧❡❞ "❡✜♥❡♠❡♥) ❡5✉❛)✐♦♥#✮

❛"❡ ✐♥✈♦❧✈❡❞ ✐♥ )❤❡ ❝♦♥#)"✉❝)✐♦♥ ♦❢ ✇❛✈❡❧❡) ❜❛#❡#✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♣"❡#❡♥) ✈❛"✐♦✉# ❛"❡❛# ♦❢

♠❛)❤❡♠❛)✐❝# ✐♥ ✇❤✐❝❤ "❡✜♥❡♠❡♥) ❡5✉❛)✐♦♥# ♣❧❛② ❛♥ ✐♠♣♦")❛♥) "♦❧❡✳

❑❛③✐♠✐❡(③ ◆✐❦♦❞❡♠

❯♥✐✈❡"#✐)② ♦❢ ❇✐❡❧#❦♦✲❇✐❛❧❛✱ ❇✐❡❧#❦♦✲❇✐❛➟❛✱ A♦❧❛♥❞

✭❥♦✐♥) ✇♦"❦ ✇✐)❤ ▼✐❧✐❝❛ ❑❧❛&✐↔✐➣ ❇❛❦✉❧❛✮

❚❤❡ ❝♦♥✈❡1&❡ ❏❡♥&❡♥ ✐♥❡.✉❛❧✐%② ❢♦1 &%1♦♥❣❧② ❝♦♥✈❡① ❢✉♥❝%✐♦♥&

❆ ❢✉♥❝)✐♦♥ f : D → R ✐# ❝❛❧❧❡❞  !"♦♥❣❧② ❝♦♥✈❡① ✇✐)❤ ♠♦❞✉❧✉# c ✐❢

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− ct(1− t)(x− y)2

❢♦" ❛❧❧ x, y ∈ I ❛♥❞ t ∈ [0, 1]✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥)❡"♣❛") ♦❢ )❤❡ ❝♦♥✈❡"#❡ ❏❡♥#❡♥ ✐♥❡5✉❛❧✐)② ✐#

♣"♦✈❡❞✿

❚❤❡♦$❡♠

■❢ f : I → R ✐# #$%♦♥❣❧② ❝♦♥✈❡① ✇✐$❤ ♠♦❞✉❧✉# c✱ $❤❡♥

f(x̄) ≤
n

∑

i=1

tif(xi)− c
n

∑

i=1

ti(xi − x̄)
2

≤
M − x̄

M −m
f(m) +

x̄−m

M −m
f(M)− c(M − x̄)(x̄−m)

❢♦% ❛❧❧ x1, . . . , xn ∈ [m,M ] ⊂ I✱ t1, . . . , tn > 0 ✇✐$❤ t1 + . . .+ tn = 1 ❛♥❞ x̄ = t1x1 + . . .+ tnxn✳

✶✹



❆♥❞#③❡❥ ❖❧❜#②➧

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ 2♦❧❛♥❞

❖♥ "❡♣❛&❛'✐♦♥ '❤❡♦&❡♠ ❢♦& ❞❡❧'❛✲"✉❜❛❞❞✐'✐✈❡ ❛♥❞ ❞❡❧'❛✲"✉♣❡&❛❞❞✐'✐✈❡

♠❛♣♣✐♥❣"

▲❡' (X, ·) ❜❡ ❛ &❡♠✐❣%♦✉♣✱ ❛♥❞ ❧❡' (Y, ‖ · ‖) ❜❡ ❛ %❡❛❧ ❇❛♥❛❝❤ &♣❛❝❡✳ ▼♦'✐✈❛'❡❞ ❜② '❤❡

❞✐&&❡%'❛'✐♦♥ ♦❢ ▲✳ ❱❡&❡❧? ❛♥❞ ▲✳ ❩❛❥✐✟❝❡❦ ❬✸❪ ❘✳ ●❡% ✐♥ ❬✷❪ ❝♦♥&✐❞❡%❡❞ '❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝'✐♦♥❛❧

✐♥❡J✉❛❧✐'②

‖F (x) + F (y)− F (x · y)‖ ≤ f(x) + f(y)− f(x · y), x, y ∈ X.

■❢ ❛ ♣❛✐% (F, f) &❛'✐&✜❡& '❤❡ ❛❜♦✈❡ ✐♥❡J✉❛❧✐'②✱ '❤❡♥ ✇❡ &❛② '❤❛' ❛ ♠❛♣ F : X → Y ✐& ❞❡❧'❛✲

&✉❜❛❞❞✐'✐✈❡ ✇✐'❤ ❛ ❝♦♥'%♦❧ ❢✉♥❝'✐♦♥ f : X → R✳ ■❢ ❛ ♣❛✐% (−G,−g) &❛'✐&✜❡& '❤❡ ❛❜♦✈❡ ✐♥❡J✉❛❧✐'②✱
'❤❡♥ ✇❡ &❛② '❤❛' G ✐& ❞❡❧'❛✲&✉♣❡%❛❞❞✐'✐✈❡ ✇✐'❤ ❛ ❝♦♥'%♦❧ ❢✉♥❝'✐♦♥ g✳ ■♥&♣✐%❡❞ ❜② ♠❡'❤♦❞& ❝♦♥✲
'❛✐♥❡❞ ✐♥ ❬✶❪ ✇❡ ❣❡♥❡%❛❧✐③❡ '❤❡ ✇❡❧❧ ❦♥♦✇♥ &❡♣❛%❛'✐♦♥ '❤❡♦%❡♠ ❢♦% &✉❜❛❞❞✐'✐✈❡ ❛♥❞ &✉♣❡%❛❞❞✐'✐✈❡

❢✉♥❝'✐♦♥❛❧& '♦ '❤❡ ❝❛&❡ ♦❢ ❞❡❧'❛✲&✉❜❛❞❞✐'✐✈❡ ❛♥❞ ❞❡❧'❛✲&✉♣❡%❛❞❞✐'✐✈❡ ♠❛♣♣✐♥❣&✳ ❲❡ ❛❧&♦ ❝♦♥&✐❞❡%

'❤❡ ♣%♦❜❧❡♠ ♦❢ &✉♣♣♦%'✐♥❣ ❞❡❧'❛✲&✉❜❛❞❞✐'✐✈❡ ♠❛♣& ❜② ❛❞❞✐'✐✈❡ ♦♥❡&✳ ❆& ❛ ❝♦♥&❡J✉❡♥❝❡ ♦❢ '❤❡&❡

'❤❡♦%❡♠& ✇❡ ♦❜'❛✐♥ '❤❡ &'❛❜✐❧✐'② %❡&✉❧' ❢♦% ❈❛✉❝❤②✬& ❡J✉❛'✐♦♥✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❩✳ ●❛❥❞❛✱ ❩✳ ❑♦♠✐♥❡❦✱ ❖♥ "❡♣❛&❛'✐♦♥" '❤❡♦&❡♠" ❢♦& "✉❜❛❞❞✐'✐✈❡ ❛♥❞ "✉♣❡&❛❞❞✐'✐✈❡ ❢✉♥❝'✐♦♥❛❧" ✱ ❙2✉❞✐❛

▼❛2❤✳ ✶✵✵ ✭✶✾✾✶✮✱ ♥♦✳ ✶✱ ✷✺✕✸✽✳

❬✷❪ ❘✳ ●❡?✱ ❖♥ ❢✉♥❝'✐♦♥❛❧ ✐♥❡3✉❛❧✐'✐❡" "'❡♠♠✐♥❣ ❢&♦♠ "'❛❜✐❧✐'② 3✉❡"'✐♦♥"✱ ●❡♥❡?❛❧ ■♥❡B✉❛❧✐2✐❡C ✻✱ ■❙◆▼✱

✶✵✸ ❇✐?❦❤G✉C❡? ❱❡?❧❛❣✱ ❇❛C❡❧✱ ✶✾✾✷✱ ✷✷✼✕✷✹✵✳

❬✸❪ ▲✳ ❱❡C❡❧N✱ ▲✳ ❩❛❥✐✟❝❡❦✱ ❉❡❧'❛✲❝♦♥✈❡① ♠❛♣♣✐♥❣" ❜❡'✇❡❡♥ ❇❛♥❛❝❤ "♣❛❝❡" ❛♥❞ ❛♣♣❧✐❝❛'✐♦♥" ✱ ❉✐CC❡?2❛2✐♦♥❡C

▼❛2❤✳ ✭❘♦③♣?❛✇② ▼❛2✳✮ ✷✽✾ ✭✶✾✽✾✮✱ ✺✷♣♣✳

❏♦❧❛♥/❛ ❖❧❦♦

2❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡%&✐'②✱ ❑%❛❦T✇✱ 2♦❧❛♥❞

❖♥ ❛ "②"'❡♠ ♦❢ ❢✉♥❝'✐♦♥❛❧ ✐♥❝❧✉"✐♦♥"

■♥&♣✐%❡❞ ❜② '❤❡ ♣❛♣❡%& ❝♦♥❝❡%♥✐♥❣ ❛ ♣❛✐% ♦❢ ❢✉♥❝'✐♦♥❛❧ ✐♥❡J✉❛❧✐'✐❡& ❝❤❛%❛❝'❡%✐③✐♥❣ ♣♦❧②♥♦♠✐❛❧&✱

✇❡ ❝♦♥&✐❞❡% ♠✉❧'✐❢✉♥❝'✐♦♥& &❛'✐&❢②✐♥❣ '✇♦ &✐♠✉❧'❛♥❡♦✉& ❝♦♥❞✐'✐♦♥❛❧ ❢✉♥❝'✐♦♥❛❧ ✐♥❝❧✉&✐♦♥& ♦❢ '❤❡

❢♦%♠

{

F (x+ a) ⊂ F (x) +
∑k

j=0 αjx
j ,

F (x+ b) ⊂ F (x) +
∑k

j=0 βjx
j ,

✇❤✐❝❤ ✐& ❛❧&♦ %❡❧❛'❡❞ '♦ '❤❡ ♥♦'✐♦♥ ♦❢ ♠✐❝%♦♣❡%✐♦❞✐❝ ❢✉♥❝'✐♦♥✳ ❯♥❞❡% &♦♠❡ ❛❞❞✐'✐♦♥❛❧ ❛&&✉♠♣'✐♦♥&✱

❛♥ ❡①♣❧✐❝✐' ❢♦%♠✉❧❛ ❢♦% '❤❡ &♦❧✉'✐♦♥ '♦ '❤❡ ❛❜♦✈❡ &②&'❡♠ ♦❢ ✐♥❝❧✉&✐♦♥& ✐& ❣✐✈❡♥✳ ❆& ❛♥ ❛♣♣❧✐❝❛'✐♦♥✱

✇❡ ♦❜'❛✐♥ ❛ ❝♦✉♥'❡%♣❛%' ♦❢ '❤❡ %❡&✉❧' ✐♥ '❤❡ &✐♥❣❧❡✲✈❛❧✉❡❞ ❝❛&❡✳

❩2♦❧/ 34❧❡2

❯♥✐✈❡%&✐'② ♦❢ ❉❡❜%❡❝❡♥✱ ❉❡❜%❡❝❡♥✱ ❍✉♥❣❛%②

❈❤❛&❛❝'❡&✐③❛'✐♦♥ ♦❢ ❞✐✛❡&❡♥❝❡" ♦❢ ω✲❝♦♥✈❡① ❢✉♥❝'✐♦♥"

■♥ '❤❡ '❛❧❦ ✇❡ ✐♥'%♦❞✉❝❡ ❛ ♥♦'✐♦♥ ♦❢ ❛ &❡❝♦♥❞✲♦%❞❡% ✈❛%✐❛'✐♦♥ ✇❤✐❝❤ ❡♥❛❜❧❡& ✉& '♦ ❝❤❛%❛❝'❡%✐③❡

❢✉♥❝'✐♦♥& '❤❛' ❛%❡ ❞✐✛❡%❡♥❝❡& ♦❢ ω✲❝♦♥✈❡① ❢✉♥❝'✐♦♥&✱ ✇❤❡%❡ ω = (ω1, ω2) ✐& ❛ '✇♦✲❞✐♠❡♥&✐♦♥❛❧
❈❤❡❜②&❤❡✈ &②&'❡♠✳ ❚❤❡ ❛♥❛❧♦❣♦✉& J✉❡&'✐♦♥ ❢♦% ❤✐❣❤❡%✲♦%❞❡% ❝♦♥✈❡①✐'② ✐& ❛❧&♦ ❝♦♥&✐❞❡%❡❞ ❛♥❞

❛ ❝♦♥❥❡❝'✉%❡ ✐& ❢♦%♠✉❧❛'❡❞✳

✶✺



 ❛✇❡➟  ❛%&❡❝③❦❛

❯♥✐✈❡%&✐'② ♦❢ ❲❛%&❛✇✱ ❲❛%&③❛✇❛✱ 0♦❧❛♥❞

■!❡#❛!❡❞ &✉❛(✐✲❛#✐!❤♠❡!✐❝ ♠❡❛♥✲!②♣❡ ♠❛♣♣✐♥❣(

❋♦% ❛ ❢❛♠✐❧② ♦❢ 5✉❛&✐✲❛%✐'❤♠❡'✐❝ ♠❡❛♥& &❛'✐&❢②✐♥❣ ❝❡%'❛✐♥ &♠♦♦'❤♥❡&& ❝♦♥❞✐'✐♦♥ ✇❡ ♠❛❥♦%✐③❡

'❤❡ &♣❡❡❞ ♦❢ ❝♦♥✈❡%❣❡♥❝❡ ♦❢ '❤❡ ✐'❡%❛'✐✈❡ &❡5✉❡♥❝❡ ♦❢ &❡❧❢✲♠❛♣♣✐♥❣& ❤❛✈✐♥❣ ❛ ♠❡❛♥ ♦♥ ❡❛❝❤ ❡♥'%②✱

❞❡&❝%✐❜❡❞ ✐♥ '❤❡ ❞❡✜♥✐'✐♦♥ ♦❢ ●❛✉&&✐❛♥ ♣%♦❞✉❝'✱ '♦ %❡❧❡✈❛♥' ♠❡❛♥✲'②♣❡ ♠❛♣♣✐♥❣✳ ❲❡ ❛♣♣❧② '❤✐&

%❡&✉❧' '♦ ❛♣♣%♦①✐♠❛'❡ ❛♥② ❝♦♥'✐♥✉♦✉& ❢✉♥❝'✐♦♥ ✇❤✐❝❤ ✐& ✐♥✈❛%✐❛♥' ✇✐'❤ %❡&♣❡❝' '♦ &✉❝❤ ❛ &❡❧❢✲

♠❛♣♣✐♥❣&✳

▼❛❣❞❛❧❡♥❛  ✐%③❝③❡❦

0❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡%&✐'②✱ ❑%❛❦D✇✱ 0♦❧❛♥❞

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏❛♥✉$③ ❇'③❞➛❦✮

❋✐①❡❞ ♣♦✐♥!( ♦❢ (❡!✲✈❛❧✉❡❞ ♠❛♣♣✐♥❣(

❲❡ ♣%❡&❡♥' ❛ ✜①❡❞ ♣♦✐♥' '❤❡♦%❡♠ ❢♦% ♥♦♥❧✐♥❡❛% ♦♣❡%❛'♦%&✱ ❛❝'✐♥❣ ♦♥ &♦♠❡ ❢✉♥❝'✐♦♥ &♣❛❝❡& ✭♦❢

&❡'✲✈❛❧✉❡❞ ♠❛♣&✮✱ ✇❤✐❝❤ &❛'✐&❢② &✉✐'❛❜❧❡ ✐♥❝❧✉&✐♦♥&✳ ❲❡ ❛❧&♦ &❤♦✇ '❤❛' ✐' ❝❛♥ ❜❡ ❡❛&✐❧② ❛♣♣❧✐❡❞

✐♥ ♣%♦✈✐♥❣ '❤❛' ♥❡❛% '❤❡ &❡'✲✈❛❧✉❡❞ ♠❛♣♣✐♥❣& &❛'✐&❢②✐♥❣ ✈❛%✐♦✉& ❢✉♥❝'✐♦♥❛❧ ✐♥❝❧✉&✐♦♥& '❤❡%❡ ❡①✐&'

&✐♥❣❧❡ ✈❛❧✉❡❞ &♦❧✉'✐♦♥& ♦❢ '❤❡ ❝♦%%❡&♣♦♥❞✐♥❣ ❢✉♥❝'✐♦♥❛❧ ❡5✉❛'✐♦♥&✳

❲♦❧❢❣❛♥❣  3❛❣❡3

❑❛%❧✲❋%❛♥③❡♥&✲❯♥✐✈❡%&✐'G'✱ ●%❛③✱ ❆✉&'%✐❛

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏❡♥$ ❙❝❤✇❛✐❣❡'✮

❇❛♥❛❝❤ ❧✐♠✐! (♦❧✉!✐♦♥( ♦❢ !❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉( ❈❛✉❝❤② ❡&✉❛!✐♦♥

●✐✈❡♥ &✉✐'❛❜❧❡ ϕ : R× R→ R✱ '❤✐& '❛❧❦ ❞❡❛❧& ✇✐'❤ &♦❧✉'✐♦♥& ♦❢

f(x+ y)− f(x)− f(y) = ϕ(x, y) ✭✶✮

✭❛♥❞ ♦❢ &❡✈❡%❛❧ ❡5✉❛'✐♦♥& ❜❡✐♥❣ %❡❧❛'❡❞ '♦ ✭✶✮✮✱ ✇❤✐❝❤ ❛%❡ ❇❛♥❛❝❤ ❧✐♠✐'& ♦❢ ❝❡%'❛✐♥ &❡5✉❡♥❝❡&✳

❚❤❡%❡❜② &♦♠❡ %❡&✉❧'& ♣%❡&❡♥'❡❞ ✐♥ ❬✶❪ ❛%❡ ❣❡♥❡%❛❧✐③❡❞✳

❘❡❢❡'❡♥❝❡

❬✶❪ ❲✳ %&❛❣❡&✱ ▲✳ ❘❡✐❝❤✱ ❙♦❧✉$✐♦♥' ♦❢ $❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉' ❈❛✉❝❤② ❡1✉❛$✐♦♥✱ ❘❡0✉❧30 ▼❛3❤✳ ✺✹ ✭✷✵✵✾✮✱

♥♦✳ ✶✲✷✱ ✶✹✾✕✶✻✺✳

❚❡3❡%❛ ❘❛❥❜❛

❯♥✐✈❡%&✐'② ♦❢ ❇✐❡❧&❦♦✲❇✐❛❧❛✱ ❇✐❡❧&❦♦✲❇✐❛➟❛✱ 0♦❧❛♥❞

❍✐❣❤❡# ♦#❞❡# ❝♦♥✈❡① ♦#❞❡#✐♥❣ ♣#♦♣❡#!✐❡( ❛♥❞ ✐♥❡&✉❛❧✐!✐❡( ♦❢ !❤❡

❍❡#♠✐!❡✲❍❛❞❛♠❛#❞ !②♣❡

❲❡ ❣✐✈❡ ♥❡✇ ♥❡❝❡&&❛%② ❛♥❞ &✉✣❝✐❡♥' ❝♦♥❞✐'✐♦♥& ❢♦% ❤✐❣❤❡% ♦%❞❡% ❝♦♥✈❡① ♦%❞❡%✐♥❣ ❬✹❪✳ ❚❤✐& %❡✲

&✉❧' ❣❡♥❡%❛❧✐③❡& '❤❡ ❖❤❧✐♥ ▲❡♠♠❛ ✭✶✾✻✾✮ ❬✸❪ ❛♥❞ '❤❡ ▲❡✈✐♥✲❙'❡↔❦✐♥ '❤❡♦%❡♠ ✭✶✾✻✵✮ ❬✷❪ ♦♥ ❝♦♥✈❡①

♦%❞❡%✐♥❣✱ ❛& ✇❡❧❧ ❛& '❤❡ ❉❡♥✉✐'✲▲❡❢[✈%❡✲❙❤❛❦❡❞ '❤❡♦%❡♠& ✭✶✾✾✽✮ ❬✶❪ ♦♥ ❤✐❣❤❡% ♦%❞❡% ❝♦♥✈❡① ♦%❞❡%✲

✐♥❣✳ ❚❤❡ ♦❜'❛✐♥❡❞ %❡&✉❧' ❝❛♥ ❜❡ ✉&❡❢✉❧ ✐♥ '❤❡ &'✉❞② ♦❢ '❤❡ ❍❡%♠✐'❡✲❍❛❞❛♠❛%❞ '②♣❡ ✐♥❡5✉❛❧✐'✐❡&

❛♥❞ ✐♥ ♣❛%'✐❝✉❧❛% ✐♥❡5✉❛❧✐'✐❡& ❜❡'✇❡❡♥ '❤❡ 5✉❛❞%❛'✉%❡ ♦♣❡%❛'♦%&✳

✶✻



❘❡❢❡#❡♥❝❡&

❬✶❪ ▼✳ ❉❡♥✉✐*✱ ❈✳ ▲❡❢/✈1❡✱ ▼✳ ❙❤❛❦❡❞✱ ❚❤❡ #✲❝♦♥✈❡① ♦*❞❡*# ❛♠♦♥❣ *❡❛❧ *❛♥❞♦♠ ✈❛*✐❛❜❧❡#✱ ✇✐4❤ ❛♣♣❧✐❝❛✲

4✐♦♥#✱ ▼❛*❤✳ ■♥❡8✉❛❧✳ ❆♣♣❧✳ ✶ ✭✶✾✾✽✮✱ ♥♦✳ ✹✱ ✺✽✺✕✻✶✸✳

❬✷❪ ❱✳■✳ ▲❡✈✐♥✱ ❙✳❇✳ ❙*❡↔❦✐♥✱ ■♥❡7✉❛❧✐4✐❡#✱ ❆♠❡1✳ ▼❛*❤✳ ❙♦❝✳ ❚1❛♥M❧✳ ✭✷✮ ✶✹ ✭✶✾✻✵✮✱ ✶✕✷✾✳

❬✸❪ ❏✳ ❖❤❧✐♥✱ ❖♥ ❛ ❝❧❛## ♦❢ ♠❡❛#✉*❡# ♦❢ ❞✐#♣❡*#✐♦♥ ✇✐4❤ ❛♣♣❧✐❝❛4✐♦♥ 4♦ ♦♣4✐♠❛❧ *❡✐♥#✉*❛♥❝❡ ✱ ❆❙❚■◆ ❇✉❧❧❡*✐♥

✺ ✭✶✾✻✾✮✱ ✷✹✾✕✷✻✻✳

❬✹❪ ❚✳ ❘❛❥❜❛✱ ❍✐❣❤❡* ♦*❞❡* ❝♦♥✈❡① ♦*❞❡*✐♥❣ ♣*♦♣❡*4✐❡# ❛♥❞ ✐♥❡7✉❛❧✐4✐❡# ♦❢ 4❤❡ ❍❡*♠✐4❡✲❍❛❞❛♠❛*❞ 4②♣❡ ✱

U1❡♣1✐♥* ❆❚❍✱ ◆♦ ✷✼✱ ❆♣1✐❧ ✷✵✶✺✳

❉❛♥✐❡❧ ❘❡❡♠

❯♥✐✈❡%&✐'② ♦❢ ❙,♦ -❛✉❧♦✱ ❙,♦ ❈❛%❧♦&✱ ❇%❛③✐❧

❘❡♠❛$❦& ♦♥ )❤❡ ❈❛✉❝❤② ❢✉♥❝)✐♦♥❛❧ ❡2✉❛)✐♦♥ ❛♥❞ ✈❛$✐❛)✐♦♥& ♦❢ ✐)

❚❤❡ '❛❧❦ ✇✐❧❧ ❡①❛♠✐♥❡ ✈❛%✐♦✉& ❛&♣❡❝'& %❡❧❛'❡❞ '♦ '❤❡ ❈❛✉❝❤② ❢✉♥❝'✐♦♥❛❧ ❡>✉❛'✐♦♥ f(x+ y) =
f(x) + f(y)✳ ■♥ ♣❛%'✐❝✉❧❛%✱ ✐' ✇✐❧❧ ❝♦♥&✐❞❡% ✐'& &♦❧✈❛❜✐❧✐'② ❛♥❞ ✐'& &'❛❜✐❧✐'② %❡❧❛'✐✈❡ '♦ &✉❜&❡'&
♦❢ ♠✉❧'✐✲❞✐♠❡♥&✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ &♣❛❝❡& ❛♥❞ '♦%✐✳ ❙❡✈❡%❛❧ ♥❡✇ '②♣❡& ♦❢ %❡❣✉❧❛%✐'② ❝♦♥❞✐'✐♦♥& ❛%❡

✐♥'%♦❞✉❝❡❞✱ &✉❝❤ ❛& ❛ ♦♥❡ ✐♥ ✇❤✐❝❤ ❛ ❝♦♠♣❧❡① ❡①♣♦♥❡♥' ♦❢ '❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝'✐♦♥ ✐& ❧♦❝❛❧❧②

♠❡❛&✉%❛❜❧❡✳ ❆♥ ✐♥✐'✐❛❧ ✈❛❧✉❡ ❛♣♣%♦❛❝❤ '♦ '%❡❛'✐♥❣ '❤✐& ❡>✉❛'✐♦♥ ✐& ❝♦♥&✐❞❡%❡❞ '♦♦✳ ❚❤❡ ❛♥❛❧②&✐&

✐& ❡①'❡♥❞❡❞ '♦ %❡❧❛'❡❞ ❡>✉❛'✐♦♥& &✉❝❤ ❛& '❤❡ ❏❡♥&❡♥ ❡>✉❛'✐♦♥✱ '❤❡ ♠✉❧'✐♣❧✐❝❛'✐✈❡ ❈❛✉❝❤② ❡>✉❛'✐♦♥✱

❛♥❞ '❤❡ -❡①✐❞❡% ❡>✉❛'✐♦♥✳

▲✉❞✇✐❣ ❘❡✐❝❤

❑❛%❧✲❋%❛♥③❡♥&✲❯♥✐✈❡%&✐'I'✱ ●%❛③✱ ❆✉&'%✐❛

❙♦♠❡ $❡♠❛$❦& ♦♥ )❤❡ ❣$♦✉♣ ♦❢ ▼9❜✐✉& )$❛♥&❢♦$♠❛)✐♦♥&

▼♦'✐✈❛'❡❞ ❜② ❏✳ ▼❛'❦♦✇&❦✐✬& '❛❧❦ ❛' '❤❡ ❊✉%♦♣❡❛♥ ❈♦♥❢❡%❡♥❝❡ ♦♥ ■'❡%❛'✐♦♥ ❚❤❡♦%② ✷✵✶✹ ✇❡

&'✉❞② ♠❛①✐♠❛❧ ❛❜❡❧✐❛♥ &✉❜❣%♦✉♣&✱ ✐'❡%❛'✐♦♥ ❣%♦✉♣&✱ %❡✈❡%&✐❜✐❧✐'② ❛♥❞ ✐♥✈♦❧✉'✐♦♥& ✐♥ '❤❡ ▼Q❜✐✉&

❣%♦✉♣✳ ❖✉% ♠❛✐♥ '♦♦❧ ❛%❡ ❝♦♥❥✉❣❛'✐♦♥& ❛♥❞ ♥♦%♠❛❧ ❢♦%♠& ✇✐'❤ %❡&♣❡❝' '♦ ❝♦♥❥✉❣❛'✐♦♥✳

▼❛❝✐❡❥ ❙❛❜❧✐❦

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ -♦❧❛♥❞

❆❣❣$❡❣❛)✐♥❣ ♠❡❛♥&

❲❡ ❛%❡ ❣♦✐♥❣ '♦ &♣❡❛❦ ♦♥ ❛❣❣%❡❣❛'✐♥❣ ♠❡❛♥&✱ '❤❛' ✐& ♦♥ ✉&✐♥❣ '❤❡ ❣❡♥❡%❛❧✐③❡❞ ❜✐&②♠♠❡'%②

❡>✉❛'✐♦♥ '♦ ❣❡' %❡&✉❧'& ♦♥ '❤❡ ❢♦%♠ ♦❢ ♠❡❛♥& ✐♥ &♦♠❡ ❢✉♥❝'✐♦♥ &♣❛❝❡&✳ ❲❡ ♣%❡&❡♥' ❛ ❣❡♥❡%❛❧

❛♣♣%♦❛❝❤✱ ❛♥❞ ❣❡' '❤❡ &❤❛♣❡ ♦❢ ❜✐&②♠♠❡'%✐❝❛❧✱ ❝♦♥'✐♥✉♦✉& ❛♥❞ ✐♥❝%❡❛&✐♥❣ ♠❡❛♥ ✐♥ &♣❛❝❡& ♦❢

✐♥'❡❣%❛❜❧❡ ❢✉♥❝'✐♦♥& ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝'✐♦♥&✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❏✳ ❆❝③Y❧✱ ▲❡❝4✉*❡# ♦♥ ❋✉♥❝4✐♦♥❛❧ ❊7✉❛4✐♦♥# ❛♥❞ 4❤❡✐* ❆♣♣❧✐❝❛4✐♦♥#✱ ❆❝❛❞❡♠✐❝ U1❡MM✱ ◆❡✇ ❨♦1❦ ✲

▲♦♥❞♦♥✱ ✶✾✻✻✳

❬✷❪ ●②✳ ▼❛❦M❛✱ ❙♦❧✉4✐♦♥ ♦❢ ❣❡♥❡*❛❧✐③❡❞ ❜✐#②♠♠❡4*② 4②♣❡ ❡7✉❛4✐♦♥# ✇✐4❤♦✉4 #✉*❥❡❝4✐✈✐4② ❛##✉♠♣4✐♦♥# ✱ ❆❡✲

8✉❛*✐♦♥❡M ▼❛*❤✳ ✺✼ ✭✶✾✾✾✮✱ ♥♦✳ ✶✱ ✺✵✕✼✹✳

❬✸❪ ❆✳ ▼_♥♥✐❝❤✱ ●②✳ ▼❛❦M❛✱ ❘✳❏✳ ▼♦❦❦❡♥✱ n✲✈❛*✐❛❜❧❡ ❜✐#❡❝4✐♦♥✱ ❏✳ ▼❛*❤✳ UM②❝❤✳ ✹✹ ✭✷✵✵✵✮✱ ♥♦✳ ✹✱ ✺✻✾✕✺✽✶✳

✶✼



❏❡♥# ❙❝❤✇❛✐❣❡+

❑❛"❧✲❋"❛♥③❡♥)✲❯♥✐✈❡")✐-.-✱ ●"❛③✱ ❆✉)-"✐❛

✭❥♦✐♥- ✇♦"❦ ✇✐-❤❲♦❧❢❣❛♥❣ '(❛❣❡(✮

❙!❛❜✐❧✐!② ♦❢ ❢✉♥❝!✐♦♥❛❧ ❡-✉❛!✐♦♥. ❢♦/ ♣♦❧②♥♦♠✐❛❧.

❚❤❡ )♦❧✉-✐♦♥ ♦❢ -❤❡ ❡<✉❛-✐♦♥ p(x) +
∑n

i=1 aip(x + ρiy) +
∑l

j=1 bjp(σjy) = 0 ❛"❡ ❣❡♥❡"❛❧✐③❡❞
♣♦❧②♥♦♠✐❛❧) ♦❢ ❞❡❣"❡❡ ❛- ♠♦)- n✳ ❚❤❡ ❣❡♥❡"❛❧ )♦❧✉-✐♦♥ ❤❡❛✈✐❧② ❞❡♣❡♥❞) ♦♥ -❤❡ ♣❛"❛♠❡-❡")

ai, ρi, bj , σj ✳ ❍❡"❡ -❤❡ )-❛❜✐❧✐-② ♦❢ -❤✐) ❡<✉❛-✐♦♥ ✐) ✐♥✈❡)-✐❣❛-❡❞✱ ✐✳❡✳ ❢♦" ❣✐✈❡♥ )✉✐-❛❜❧❡ ϕ -❤❡

✐♥❡<✉❛❧✐-② ‖f(x) +
∑n

i=1 aif(x + ρiy) +
∑l

j=1 bjf(σjy)‖ ≤ ϕ(x, y) ✐) ❝♦♥)✐❞❡"❡❞✳ ❚❤❡ ♠❡-❤♦❞
)❡❡♠) -♦ ❜❡ ♥♦- )-❛♥❞❛"❞✿ ❆- ✜")- ✐- ✐) )❤♦✇♥ -❤❛- f ✐) ✏❝❧♦)❡✑ -♦ )♦♠❡ ❣❡♥❡"❛❧✐③❡❞ ♣♦❧②♥♦♠✐❛❧ p
♦❢ ❞❡❣"❡❡ ❛- ♠♦)- n❀ ❛♥❞ -❤❡♥ ✐- ✐) )❤♦✇♥ -❤❛- -❤❛- p ✐) ❛ )♦❧✉-✐♦♥ ♦❢ -❤❡ ❡<✉❛-✐♦♥ ❛❜♦✈❡✳

❊❦❛.❡+✐♥❛ ❙❤✉❧♠❛♥

❯♥✐✈❡")✐-② ♦❢ ❙✐❧❡)✐❛✱ ❑❛-♦✇✐❝❡✱ L♦❧❛♥❞

❖♥ ▲❡✈✐✲❈✐✈✐!❛ ❡-✉❛!✐♦♥. ✐♥ ❞✐.!/✐❜✉!✐♦♥.

❲❡ ✇✐❧❧ ❞✐)❝✉)) -❤❡ ▲❡✈✐✲❈✐✈✐-❛ ❡<✉❛-✐♦♥

f(x+ y) =
n

∑

k=1

uk(x)vk(y)

❛♥❞ )♦♠❡ ♠♦"❡ ❣❡♥❡"❛❧ ❛❞❞✐-✐♦♥ -❤❡♦"❡♠) ✐♥ -❤❡ ❝❧❛)) ♦❢ ❞✐)-"✐❜✉-✐♦♥) ✭❣❡♥❡"❛❧✐③❡❞ ❢✉♥❝-✐♦♥)✮✳

❆) ❛ ❝♦♥)❡<✉❡♥❝❡✱ -❤❡ ❞❡)❝"✐♣-✐♦♥ ♦❢ ❝❧❛))✐❝❛❧ )♦❧✉-✐♦♥) ♦❢ )✉❝❤ ❡<✉❛-✐♦♥) ♦♥ ❞♦♠❛✐♥) ♦❢ Rn
✇✐❧❧

❜❡ ♦❜-❛✐♥❡❞✳

❏❛+♦#❧❛✈ ❙♠4.❛❧

❙✐❧❡)✐❛♥ ❯♥✐✈❡")✐-②✱ ❖♣❛✈❛✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝

✭❥♦✐♥- ✇♦"❦ ✇✐-❤ ▲✉❞✇✐❣ ❘❡✐❝❤ ❛♥❞ ▼❛(3❛ ➆3❡❢5♥❦♦✈5✮

●❡♥❡/❛❧✐③❡❞ ❉❤♦♠❜/❡. ❡-✉❛!✐♦♥ ❛♥❞ ♣❡/✐♦❞✐❝ ♣♦✐♥!.

❲❡ ❝♦♥)✐❞❡" ❝♦♥-✐♥✉♦✉) )♦❧✉-✐♦♥) f : R+ → R+ = (0,∞) ♦❢ -❤❡ ❢✉♥❝-✐♦♥❛❧ ❡<✉❛-✐♦♥ f(xf(x))
= ϕ(f(x))✱ ✇❤❡"❡ ϕ ✐) ❛ ❣✐✈❡♥ ❝♦♥-✐♥✉♦✉) ♠❛♣ ❢"♦♠ R+ -♦ R+✳ ❆❢-❡" ♠♦"❡ -❤❛♥ ✜❢-❡❡♥ ②❡❛")

♦❢ "❡)❡❛"❝❤ ✇❡ ❛"❡ ❛❜❧❡ -♦ ❣✐✈❡ ❛ ❝♦♠♣❧❡-❡ )♦❧✉-✐♦♥ ♦❢ -❤❡ ❢♦❧❧♦✇✐♥❣ ♣"♦❜❧❡♠✿ ✇❤❛- ❛"❡ ♣♦))✐❜❧❡

♣❡"✐♦❞) ♦❢ ♣❡"✐♦❞✐❝ ♣♦✐♥-) ❝♦♥-❛✐♥❡❞ ✐♥ -❤❡ "❛♥❣❡ Rf ♦❢ ❛ )♦❧✉-✐♦♥❄ ❚❤❡ ❛♥)✇❡" ❡))❡♥-✐❛❧❧② ❞❡♣❡♥❞)

♦♥ -❤❡ -②♣❡ ♦❢ )♦❧✉-✐♦♥ f ✿ ✐- ✐)  ✐♥❣✉❧❛' ✐❢ -❤❡"❡ ❛"❡ a ❛♥❞ b )✉❝❤ -❤❛- 0 < a ≤ b <∞✱ f |(0,a) > 1✱
f |[a,b] ≡ 1✱ ❛♥❞ f |(b,∞) < 1❀ ❛❧❧ ♦-❤❡" )♦❧✉-✐♦♥) ❛"❡ '❡❣✉❧❛'✳

❚❤❡ ♠❛✐♥ "❡)✉❧-) ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ -❤❡ "❡❢❡"❡♥❝❡) ❧✐)-❡❞ ❜❡❧♦✇✳

❘❡❢❡(❡♥❝❡8

❬✶❪ ▲✳ ❘❡✐❝❤✱ ❏✳ ❙♠./❛❧✱ ▼✳ ➆/❡❢5♥❦♦✈5✱ ❚❤❡ ❝♦♥✈❡'(❡ ♣'♦❜❧❡♠ ♦❢ .❤❡ ❣❡♥❡'❛❧✐③❡❞ ❉❤♦♠❜'❡( ❢✉♥❝.✐♦♥❛❧

❡6✉❛.✐♦♥✱ ▼❛/❤✳ ❇♦❤❡♠✳ ✶✸✵ ✭✷✵✵✺✮✱ ✸✵✶✕✸✵✽✳

❬✷❪ ▲✳ ❘❡✐❝❤✱ ❏✳ ❙♠./❛❧✱ ❋✉♥❝.✐♦♥❛❧ ❡6✉❛.✐♦♥ ♦❢ ❉❤♦♠❜'❡( .②♣❡ ✕ ❛ (✐♠♣❧❡ ❡6✉❛.✐♦♥ ✇✐.❤ ♠❛♥② ♦♣❡♥ ♣'♦❜✲

❧❡♠(✱ ❏✳ ❉✐✛❡E❡♥❝❡ ❊G✉✳ ❆♣♣❧✳ ✶✺ ✭✷✵✵✾✮✱ ♥♦✳ ✶✶✲✶✷✱ ✶✶✼✾✕✶✶✾✶✳

❬✸❪ ▲✳ ❘❡✐❝❤✱ ❏✳ ❙♠./❛❧✱ ▼✳ ➆/❡❢5♥❦♦✈5✱ ❋✉♥❝.✐♦♥❛❧ ❡6✉❛.✐♦♥ ♦❢ ❉❤♦♠❜'❡( .②♣❡ ✐♥ .❤❡ '❡❛❧ ❝❛(❡✱ N✉❜❧✳ ▼❛/❤✳

❉❡❜E❡❝❡♥ ✼✽ ✭✷✵✶✶✮✱ ♥♦✳ ✸✲✹✱ ✻✺✾✕✻✼✸✳

❬✹❪ ▲✳ ❘❡✐❝❤✱ ❏✳ ❙♠./❛❧✱ ▼✳ ➆/❡❢5♥❦♦✈5✱ ❙✐♥❣✉❧❛' (♦❧✉.✐♦♥( ♦❢ .❤❡ ❣❡♥❡'❛❧✐③❡❞ ❉❤♦♠❜'❡( ❢✉♥❝.✐♦♥❛❧ ❡6✉❛.✐♦♥ ✱

❘❡R✉❧/R ▼❛/❤✳ ✻✺ ✭✷✵✶✹✮✱ ♥♦✳ ✶✲✷✱ ✷✺✶✕✷✻✶✳
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❬✺❪ ❏✳ ❙♠'(❛❧✱ ▼✳ ➆(❡❢0♥❦♦✈0✱ ❖♥ "❡❣✉❧❛" (♦❧✉*✐♦♥( ♦❢ *❤❡ ❣❡♥❡"❛❧✐③❡❞ ❉❤♦♠❜"❡( ❡3✉❛*✐♦♥✱ ❆❡6✉❛(✐♦♥❡9

▼❛(❤✳ ✽✾ ✭✷✵✶✺✮✱ ♥♦✳ ✶✱ ✺✼✕✻✶✳

❬✻❪ ▲✳ ❘❡✐❝❤✱ ❏✳ ❙♠'(❛❧✱ ▼✳ ➆(❡❢0♥❦♦✈0✱ ❖♥ "❡❣✉❧❛" (♦❧✉*✐♦♥( ♦❢ *❤❡ ❣❡♥❡"❛❧✐③❡❞ ❉❤♦♠❜"❡( ❡3✉❛*✐♦♥ ■■✱

❘❡9✉❧(9 ▼❛(❤✳ ✻✼ ✭✷✵✶✺✮✱ ♥♦✳ ✸✲✹✱ ✺✷✶✕✺✷✽✳

 ❡"❡# ❙"❛❞❧❡#

❯♥✐✈❡%&✐'② ♦❢ ■♥♥&❜%✉❝❦✱ ■♥♥&❜%✉❝❦✱ ❆✉&'%✐❛

❈✉"✈❡ %❤♦"(❡♥✐♥❣ ❜② %❤♦"( "✉❧❡"%

❲❡ ❧♦♦❦ ❛' ❤♦♠♦♠♦%♣❤✐&♠& h : (R,+)→ (G, ◦) ♦♥ ❛ ▲✐❡ ❣%♦✉♣ G✿

h(s+ t) = h(s) ◦ h(t), h(0) = e, h(1) = g.

❚❤❡ %❡&'%✐❝'✐♦♥ ♦❢ h '♦ '❤❡ ✐♥'❡%✈❛❧ [0, 1] ✐& ❛ ❣❡♦❞❡&✐❝✳
❖♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞& ❣❡♦❞❡&✐❝& ❛%❡ ❧♦❝❛❧❧② &❤♦%'❡&' ❧✐♥❡&✳ ❚❤❡ ♣%♦❜❧❡♠ ✐& '♦ ❝♦♥&'%✉❝'

❧♦♥❣ ❣❡♦❞❡&✐❝&✳ ❇✉' ❛♥② ❝✉%✈❡ ❝♦♥♥❡❝'✐♥❣ &'❛%'✐♥❣ ♣♦✐♥' ❛♥❞ ❡♥❞ ♣♦✐♥' ❝❛♥ ❜❡ &❤♦%'❡♥❡❞ ❜② ✉&✐♥❣

❛ %✉❧❡% ✇❤✐❝❤ ❛❧❧♦✇& '♦ ❝♦♥&'%✉❝' &❤♦%' ❣❡♦❞❡&✐❝&✿

■♥ ♥♦%♠❡❞ ✈❡❝'♦% &♣❛❝❡&✱ '❤❡ ❝✉%✈❡ ❝♦♥✈❡%❣❡& '♦ '❤❡ &'%❛✐❣❤' ❧✐♥❡ ✐❢ ✐'✬& &❤♦%'❡♥❡❞ ✐'❡%❛'✐✈❡✳

❚❤✐& %❡&✉❧' ❝❛♥ ❜❡ ❣❡♥❡%❛❧✐③❡❞ '♦ &♦♠❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞&✳

▼❛#"❛ ➆"❡❢+♥❦♦✈+

❙✐❧❡&✐❛♥ ❯♥✐✈❡%&✐'②✱ ❖♣❛✈❛✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏❛♥❛ ❉✈♦➦'❦♦✈' ❛♥❞ ◆❛*❛+❝❤❛ ◆❡✉♠12❦❡2✮

❖♥ ω✲❧✐♠✐( %❡(% ♦❢ ♥♦♥✲❛✉(♦♥♦♠♦✉% ❞②♥❛♠✐❝❛❧ %②%(❡♠% ✇✐(❤ ❛ ✉♥✐❢♦"♠ ❧✐♠✐(

♦❢ (②♣❡ 2
∞

❚❤❡ '❛❧❦ ✐& ❞❡✈♦'❡❞ '♦ '❤❡ &'✉❞② ♦❢ ♣%♦♣❡%'✐❡& ♦❢ ω✲❧✐♠✐' &❡'& ♦❢ ♥♦♥✲❛✉'♦♥♦♠♦✉& ❞②♥❛♠✐❝❛❧
&②&'❡♠& ♦♥ ❝♦♠♣❛❝' ♠❡'%✐❝ &♣❛❝❡& ❣✐✈❡♥ ❜② &❡J✉❡♥❝❡& ♦❢ ♠❛♣& ✇❤✐❝❤ ✉♥✐❢♦%♠❧② ❝♦♥✈❡%❣❡ '♦

❛ ❝♦♥'✐♥✉♦✉& ♠❛♣ f ✳
❲❡ &❤♦✇ '❤❛'✱ ❢♦% &②&'❡♠& ❞❡✜♥❡❞ ♦♥ ❝♦♠♣❛❝' ♠❡'%✐❝ &♣❛❝❡&✱ ✐❢ ❛♥ ω✲❧✐♠✐' &❡' ω̃ ♦❢ '❤❡ ♥♦♥✲

❛✉'♦♥♦♠♦✉& &②&'❡♠ ✐& ❛ &✉❜&❡' ♦❢ '❤❡ &❡' P (f) ♦❢ ♣❡%✐♦❞✐❝ ♣♦✐♥'& ♦❢ f '❤❡♥ ω̃ ✐& ♥❡❝❡&&❛%✐❧② '❤❡
✉♥✐♦♥ ♦❢ ✜♥✐'❡❧② ♠❛♥② ❞✐&❥♦✐♥' ❝♦♥♥❡❝'❡❞ &❡'& ✇❤✐❝❤ ❛%❡ ❝②❝❧✐❝❛❧❧② ♠❛♣♣❡❞ '♦ ♦♥❡ ❛♥♦'❤❡%✳ ❯&✐♥❣

'❤✐& %❡&✉❧' ✇❡ ❛♥&✇❡% ❛ J✉❡&'✐♦♥ ♣♦&❡❞ ❜② ❈L♥♦✈❛& ✐♥ ❬✶❪ ❜② ♣%♦✈✐♥❣ '❤❛'✱ ✐❢ ❛♥ ✐♥'❡%✈❛❧ ♠❛♣ f
❤❛& ♦♥❧② ✜♥✐'❡ ω✲❧✐♠✐' &❡'&✱ '❤❡♥ '❤❡ ω✲❧✐♠✐' &❡' ω̃ ♦❢ '❤❡ ♥♦♥✲❛✉'♦♥♦♠♦✉& &②&'❡♠ ✐& ❛ &✉❜&❡' ♦❢

'❤❡ &❡' ♦❢ ♣❡%✐♦❞✐❝ ♣♦✐♥'& ♦❢ f ✳ ❲❡ ❛❧&♦ &❤♦✇ '❤❛' ❛ &✐♠✐❧❛% %❡&✉❧' ❛♣♣❧✐❡& '♦ &②&'❡♠& ♦♥ '%❡❡&
❜✉' ♥♦' ♦♥ ❣%❛♣❤& ✇✐'❤ ❧♦♦♣&✳

❘❡❢❡2❡♥❝❡

❬✶❪ ❏✳❙✳ ❈0♥♦✈❛9✱ ❖♥ ω✲❧✐♠✐* (❡*( ♦❢ ♥♦♥✲❛✉*♦♥♦♠♦✉( ❞✐(❝"❡*❡ (②(*❡♠(✱ ❏✳ ❉✐✛❡M❡♥❝❡ ❊6✉✳ ❆♣♣❧✳ ✶✷ ✭✷✵✵✻✮✱

♥♦✳ ✶✱ ✾✺✕✶✵✵✳
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▲!"③❧% ❙③'❦❡❧②❤✐❞✐

❯♥✐✈❡%&✐'② ♦❢ ❉❡❜%❡❝❡♥✱ ❉❡❜%❡❝❡♥✱ ❍✉♥❣❛%②

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏♦"❡ ▼❛&✐❛ ❆❧♠✐&❛✮

❖♥ "❤❡ ❣&❛♣❤ ♦❢ ❛❞❞✐"✐✈❡ ❛♥❞ &❡❧❛"❡❞ ❢✉♥❝"✐♦♥1

❇② ❝❧❛&&✐❝❛❧ %❡&✉❧'& ✐♥ '❤❡ '❤❡♦%② ♦❢ ❢✉♥❝'✐♦♥❛❧ ❡;✉❛'✐♦♥& '❤❡ ❣%❛♣❤& ♦❢ ♥♦♥❝♦♥'✐♥✉♦✉& ❛❞❞✐'✐✈❡

❢✉♥❝'✐♦♥& ❜❡❤❛✈❡ ♣❛'❤♦❧♦❣✐❝❛❧❧②✳ ■♥ '❤✐& '❛❧❦ ✇❡ ♣%❡&❡♥' &♦♠❡ %❡❝❡♥' %❡&✉❧'& ❝♦♥❝❡%♥✐♥❣ '❤✐&

♣%♦❜❧❡♠ ❢♦% ❛❞❞✐'✐✈❡ ❛♥❞ %❡❧❛'❡❞ ❢✉♥❝'✐♦♥&✳

❚♦♠❛"③ ❙③♦"2♦❦

❯♥✐✈❡%&✐'② ♦❢ ❙✐❧❡&✐❛✱ ❑❛'♦✇✐❝❡✱ C♦❧❛♥❞

■♥❡3✉❛❧✐"✐❡1 ❝♦♥♥❡❝"❡❞ ✇✐"❤ ♥✉♠❡&✐❝❛❧ ❞✐✛❡&❡♥"✐❛"✐♦♥

❲%✐'❡ '❤❡ ✇❡❧❧ ❦♥♦✇♥ ❍❡%♠✐'❡✲❍❛❞❛♠❛%❞ ✐♥❡;✉❛❧✐'②

f
(x+ y

2

)

≤
1

y − x

∫ y

x

f(t) dt ≤
f(x) + f(y)

2

✐♥ '❤❡ ❢♦%♠

f
(x+ y

2

)

≤
F (y)− F (x)

y − x
≤
f(x) + f(y)

2
✭✶✮

✇✐'❤ F ′ = f ✳
■♥ ❬✶❪ '❤❡ ♠✐❞❞❧❡ '❡%♠ ❢%♦♠ ✭✶✮ ✇❛& %❡♣❧❛❝❡❞ ❜② ♠♦%❡ ❣❡♥❡%❛❧ ❢♦%♠✉❧❛& ✉&❡❞ ✐♥ ♥✉♠❡%✐❝❛❧

❞✐✛❡%❡♥'✐❛'✐♦♥✳ ❚❤✉& ✐♥❡;✉❛❧✐'✐❡& ✐♥✈♦❧✈✐♥❣ ❡①♣%❡&&✐♦♥& ♦❢ '❤❡ ❢♦%♠

∑n
i=1 aiF (αix+ βiy)

y − x
,

✇❤❡%❡

∑n
i=1 ai = 0, αi + βi = 1✱ i = 1, . . . , n ❛♥❞ F ′ = f ✇❡%❡ ❝♦♥&✐❞❡%❡❞✳ ■♥ '❤❡ ❝✉%%❡♥' '❛❧❦ ✇❡

♦❜'❛✐♥ ✐♥❡;✉❛❧✐'✐❡& ❢♦% ❡①♣%❡&&✐♦♥& ♦❢ '❤❡ ❢♦%♠

∑n
i=1 aiF (αix+ βiy)

(y − x)2

✇❤✐❝❤ ❛%❡ ✉&❡❞ '♦ ❛♣♣%♦①✐♠❛'❡ '❤❡ &❡❝♦♥❞ ♦%❞❡% ❞❡%✐✈❛'✐✈❡ ♦❢ F ✳

❘❡❢❡&❡♥❝❡

❬✶❪ ❆✳ ❖❧❜(②➧✱ ❚✳ ❙③♦01♦❦✱ ■♥❡#✉❛❧✐(✐❡) ♦❢ (❤❡ ❍❡.♠✐(❡✲❍❛❞❛♠❛.❞ (②♣❡ ✐♥✈♦❧✈✐♥❣ ♥✉♠❡.✐❝❛❧ ❞✐✛❡.❡♥(✐❛(✐♦♥
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❯♥✐✈❡%&✐'② ♦❢ ▲✉①❡♠❜♦✉%❣✱ ▲✉①❡♠❜♦✉%❣✱ ▲✉①❡♠❜♦✉%❣

✭❥♦✐♥' ✇♦%❦ ✇✐'❤ ❏❡❛♥✲▲✉❝ ▼❛&✐❝❤❛❧✮

❙"&♦♥❣❧② ❜❛&②❝❡♥"&✐❝❛❧❧② ❛11♦❝✐❛"✐✈❡ ❛♥❞ ♣&❡❛11♦❝✐❛"✐✈❡ ❢✉♥❝"✐♦♥1

▲❡' X ❜❡ ❛ ♥♦♥❡♠♣'② &❡' ❛♥❞ X∗ ❜❡ '❤❡ ❢%❡❡ ♠♦♥♦✐❞ ❣❡♥❡%❛'❡❞ ❜② X✳ ❘❡❝❛❧❧ '❤❛' ❛ ❢✉♥❝'✐♦♥
F : X∗ → X ∪ {ε} ✐& ❜❛%②❝❡♥'%✐❝❛❧❧② ❛&&♦❝✐❛'✐✈❡ ✐❢ '❤❡ ❢✉♥❝'✐♦♥ ✈❛❧✉❡ ♦❢ ❛ &'%✐♥❣ ❞♦❡& ♥♦' ❝❤❛♥❣❡
✇❤❡♥ %❡♣❧❛❝✐♥❣ ❡✈❡%② ❧❡''❡% ♦❢ ❛ &✉❜&'%✐♥❣ ♦❢ ❝♦♥&❡❝✉'✐✈❡ ❧❡''❡%& ✇✐'❤ '❤❡ ✈❛❧✉❡ ♦❢ '❤✐& &✉❜&'%✐♥❣✳
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%✉❜%".✐♥❣ ✇✐"❤ "❤❡ ✈❛❧✉❡ ♦❢ "❤✐% %✉❜%".✐♥❣✳ ❊9✉✐✈❛❧❡♥"❧②✱ ❛ ❢✉♥❝"✐♦♥ F : X∗ → X ∪{ε} ✐% %".♦♥❣❧②

❜❛.②❝❡♥".✐❝❛❧❧② ❛%%♦❝✐❛"✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐" %❛"✐%✜❡% "❤❡ ❡9✉❛"✐♦♥

F (xyz) = F
(

F (xz)|x|yF (xz)|z|
)

, xyz ∈ X∗.
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❜❛.②❝❡♥".✐❝❛❧❧②✲♣.❡❛%%♦❝✐❛"✐✈❡ ❢✉♥❝"✐♦♥%✳

 ❡"❡# ❱♦❧❦♠❛♥♥

❑❛.❧%.✉❤❡. ■♥%"✐"✉" ❢C. ❚❡❝❤♥♦❧♦❣✐❡✱ ❑❛.❧%.✉❤❡✱ ●❡.♠❛♥②

❚❛❜♦$ ❣$♦✉♣♦✐❞* ❛♥❞ *,❛❜✐❧✐,②

▲❡" S ❜❡ ❛ ❣.♦✉♣♦✐❞✳ ❋♦. x ∈ S "❤❡ ♣♦✇❡.% x2
n

(n ∈ N = {1, 2, 3, . . .}) ❛.❡ .❡❝✉.%✐✈❡❧② ❞❡✜♥❡❞

❜② x2
1

= x2 = x · x✱ x2
n+1

= x2
n

· x2
n

✳ S ✐% ❝❛❧❧❡❞ ❛ ❚❛❜♦" ❣"♦✉♣♦✐❞✱ ✐❢ ❢♦. x, y ∈ S "❤❡.❡ ❛❧✇❛②%

❡①✐%"% n ∈ N %✉❝❤ "❤❛" (x · y)2
n

= x2
n

· y2
n
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❙③②♠♦♥ ❲→0♦✇✐❝③
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J❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡.%✐"②✱ ❑.❛❦K✇✱ J♦❧❛♥❞
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❲❡ ♣.♦♣♦%❡ ❤❡.❡ ❛ ♥❡✇ ❛♣♣.♦❛❝❤ "♦ "❤❡ ♣.♦❜❧❡♠ ♦❢ ❡♠❜❡❞❞❛❜✐❧✐"②✳ ❋♦. ❛ ❣✐✈❡♥ ❤♦♠❡♦♠♦.✲

♣❤✐%♠ F : S1 → S1 ✇✐"❤♦✉" ♣❡.✐♦❞✐❝ ♣♦✐♥"% ✇❡ ❝♦♥%".✉❝" %♦♠❡ %✉❜%"✐"✉"❡ ♦❢ ❛♥ ✐"❡.❛"✐♦♥ ❣.♦✉♣✱

♥❛♠❡❧② "❤❡ ✉♥✐9✉❡ %♣❡❝✐❛❧ %❡"✲✈❛❧✉❡❞ ✐"❡.❛"✐♦♥ ❣.♦✉♣ {F t : S1 → cc[S1], t ∈ R}✱ ✇❤✐❝❤ ✐% .❡❣✉✲

❧❛. ✐♥ ❛ %❡♥%❡ ❛♥❞ ✐♥ ✇❤✐❝❤ F ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞✱ ✐✳❡✳ F (x) ∈ F 1(x)✳ ❚❤✐% %❡"✲✈❛❧✉❡❞ ❣.♦✉♣ ✐%

❛ %✐♥❣❧❡✲✈❛❧✉❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ F ✐% ❛ ♠✐♥✐♠❛❧ ❤♦♠❡♦♠♦.♣❤✐%♠✳ ❲❡ ❛❧%♦ ❞❡"❡.♠✐♥❡ ❛ ♠❛①✐♠❛❧
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❝♦✉♥$❛❜❧❡ ❛♥❞ ❞❡♥*❡ *✉❜❣,♦✉♣ T ⊂ R *✉❝❤ $❤❛$ {F t : S1 → cc[S1], t ∈ T} ❤❛* ❝♦♥$✐♥✉♦✉* *❡❧❡❝✲

$✐♦♥* {f t : S1 → S1, t ∈ T} ❜❡✐♥❣ $❤❡ ❡♠❜❡❞❞✐♥❣* ♦❢ F ✱ $❤❛$ ✐* ✐$❡,❛$✐♦♥ ❣,♦✉♣* *❛$✐*❢②✐♥❣ $❤❡

❝♦♥❞✐$✐♦♥ f1 = F ✳ ■❢ $❤❡,❡ ❡①✐*$* ❛ ♥♦♥♠❡❛*✉,❛❜❧❡ ❡♠❜❡❞❞✐♥❣ {f t : S1 → S1, t ∈ R} ♦❢ F ✱ $❤❡♥

$❤❡,❡ ❡①✐*$* ❛♥ ❛❞❞✐$✐✈❡ ❢✉♥❝$✐♦♥ γ : R→ T ♠♦❞✉❧♦ ✶ *✉❝❤ $❤❛$ f t(z) ∈ F γ(t)(z)✱ t ∈ R✳
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